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ABSTRACT 



Superstring theory is one current, promising attempt at unifying gravity with the 
other three known forces: the electromagnetic force, and the weak and strong nuclear 
forces. Though this is still a work in progress, much effort has been put toward this 
goal. A set of specific tools which are used in this effort are gauge/gravity dualities. 
This thesis consists of a specific implementation of gauge/gravity dualities to describe 
/c-strings of strongly coupled gauge theories as objects dual to Dp-branes embedded in 
confining supergravity backgrounds from low energy superstring field theory. 

Along with superstring theory, /c-strings are also commonly investigated with lat- 
tice gauge theory and Hamiltonian methods. A /c-string is a colorless combination of 
quark- antiquark source pairs, between which a color flux tube develops. The two most 
notable terms of the A;-string energy arc, for large quark anti-quark separation L, the ten- 
sion term, proportional to L, and the Coulombic 1/L correction, known as the Liischer 
term. 

This thesis provides an overview of superstring theories and how gauge/gravity 
dualities emerge from them. It shows in detail how these dualities can be used for 
the specific problem of calculating the /c-string energy in 2 -|- 1 and 3-1-1 space-time 
dimensions as the energy of Dp-branes in the dual gravitational theory. A detailed 
review of /c-string tension calculations is given where good agreement is found with 
lattice gauge theory and Hamiltonian methods. In reviewing the /c-string tension, we 
also touch on how different representations of A;-strings can be described with Dp-branes 
through gauge/gravity dualities. The main result of this thesis is how the Liischer term 
is found to emerge as the one loop quantum corrections to the Dp-brane energy. In 2 -|- 1 
space-time dimensions, we have Liischer term data to compare with from lattice gauge 
theory, where we find good agreement. 
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INTRODUCTION 

The current, most trusted theory used to describe the strong nuclear force is QCD. 
In the high-energy regime, the strong force couphng is very small. As a result, perturba- 
tive expansions of the Feynman path integral work well here, as cross-section calculations 
for scattering processes depend appreciably only on the first few, low order Feynman 
diagrams. Because of this behavior of the strong force coupling, quarks are said to be 
asymptotically free at high energies. 

The story dramatically changes in the low energy regime. Here, the strong force 
coupling is very strong, and perturbative methods fail as calculations depend more and 
more on higher order Feynman diagrams, to the point where calculations diverge. To 
solve this dilemma, a different method from perturbative QCD is implemented in this 
low energy regime: lattice QCD. In a nutshell, lattice QCD solves the strong coupling 
problem at low energies by going back to the original definition of the path integral, 
fields which exist on a discretized space-time lattice, and evaluating the full path inte- 
gral, before taking the continuum limit. Because of the discrete nature of this lattice, 
the divergences found in perturbative QCD calculations go away, and promising results 
are found. Yet another method used to study QCD at low energies is to abandon the 
Feynman path integral approach altogether and work directly with the QCD Hamilto- 
nian. 

Finally, one can use string theory to study strongly coupled gauge fields. What 
is advantageous about string theory, is that it is a candidate for unifying gravity with 
the gauge forces of the standard model, the strong and electroweak. It is not known 
exactly how to use string theory to describe QCD and the rest of the standard model, 
but a lot of progress has been made toward this, most notably with the emergence of 
the AdS/CFT correspondence and other gauge/gravity dualities. These gauge/gravity 
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dualities relate supergravity theories to gauge theories through low energy effective de- 
scriptions of superstring theory, and gauge/gravity dualities exist which can be used to 
describe strongly coupled gauge theories. What is particularly useful about these du- 
alities is that they are weak/strong dualities: where the gravitational theory is weakly 
coupled, the gauge theory is strongly coupled and vice-versa so one always has access to 
a perturbative regime to describe either. 

As we don't have experimental access to the energies required to test superstring 
theory directly, we can instead test its theoretical predictions through gauge/gravity 
dualities against other theoretical methods. One such theoretical avenue, which is the 
main topic for this thesis, is /c-strings: colorless representations of QCD. Their properties 
are commonly investigated with lattice gauge theories, Hamiltonian methods, and string 
theory. With the AdS/CFT correspondence, one can do calculations in AdS xS^ which 
are known to be dual to A/" = 4 Super- Yang-Mills theory in 3 + 1 [4J. This thesis will 
expand upon this and show detailed calculations in supergravity backgrounds, which 
emerge from string theory, that are known to be dual to calculations in gauge theories 
with less supersymmetry than A/" = 4, and with running coupling constants [5l E]. 
Specifically, the calculations will be dual to A;-string calculations which we can compare 
with Hamiltonian and lattice gauge theory methods. It has already been shown in the 
literature [71 El El [iDl [HI [12] how to do this at the classical level on the string theory 
side. The main results of this thesis are the quantum corrections [TOl \TT\ [T2] . 
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CHAPTER 1 
K-STRINGS, A BRIEF OVERVIEW 

We now give a quick overview of fc-strings, for a more complete review, see Shifman's 
work in [3]. We start with Liischer's fundamental string, a simple model of quark- 
antiquark pairs, which we also refer to as a Liischer string. Next, we describe the 
/c-string, an assemblage of multiple Liischer strings. We describe the energy associated 
with /c-strings, which consists most notably of the tension term and the Liischer term. 
Finally, we briefly explain how fc-string descriptions can be found through gauge/gravity 
dualities in superstring theory, which is the main topic of this thesis. 

1.1 Liischer's Fundamental String and the k- 
string 




Figure 1.1: Luscher's fundamental string is a simple model of a quark anti-quark pair 
separated a large distance L, between which a color flux tube develops [H |2]. 



In fll, '2] , Liischer created a simple model of a quark- ant iquark pair tied together 
by a gauge flux tube as in Fig. 11.11 The energy of this object, known as Liischer's 
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(b) A fc-string. 



Figure 1.2: Multiple Liisclier strings spaced a distance d << L apart form a /c-string [3]. 



fundamental string or simply a Liisclier string, is given by [21 [T] 



Ef 



a 



TfL + - + P + 0(l/L' 



'l.V. 



where a = — ^^^^j^ with d the dimension of space-time. We see in Eq. (11. ip that for 
large L, the leading term in the energy is the tension term, TfL, with a Coulombic a/L 
correction. The term /3 is constant of L. 

Now consider many Liischer strings parallel to each other, and spaced a distance 



d << L apart, as depicted in Fig. 1.2(b) This configuration is known as a /c-string. 
When one side of a representation such as this has / quarks and m antiquarks, as in 



Figure 1.2(b), k is defined as: 



k = \l — ml 



1.2) 
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The fc-string energy follows a law similar to Liischer's fundamental string 

Efc = T,L + ^ + + Oil/L") (1.3) 
where two commonly found laws for the /c-string tension are the sine law and the Casimir 
law: 



Tfe oc < 



sin ^ sine law 



k^^j^ Casimir law 



;i-4) 



The most important feature shared by these two laws is that the /c-string tension vanishes 
when k = 0,N, the sine law having an even more powerful feature, that /c-string tension 
vanishes when the iV-ality, defined as k Mod A^, vanishes. The fc-string tension is found 
to vanish when = 0, in models of lattice gauge theory [I31[IH[IS]; direct Hamiltonian 
analysis [161 [13 [HI [191 [20] , and string theory dual models [3 [HI [2ll [9l [lOl El [12] . 



From our simple picture in Fig. 1.2(b), we would expect that any theory of the 
strong nuclear force should predict that the k-string tension vanishes when k = N = 3 
or k = 0. This is a statement of meson, anti-meson, baryon, and anti-baryon formation; 
because d << L, the two sides of the k-string decouple as quarks near anti-quarks on 
the same side will form mesons, and = 3 quarks (anti-quarks) near each other on each 
side will form baryons (anti-baryons). 



1.2 A;-strings from String Theory 

Although /c-strings can be studied from either Hamiltonian methods studying 
Yang-Mills theory or lattice gauge theory techniques, there is good reason to study 
them using string theory. On a grander scale, any reason to study string theory is that 
it appears to be a promising theory to one day unify gravity with the other three forces. 
On a lighter side, it is merely another theoretical technique to study the same thing [k- 
strings), giving more support for results from the Hamiltonian or lattice gauge theory 
perspective. After all, Richard Feynman once said: "every theoretical physicist who is 
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any good knows six or seven different theoretical representations for exactly the same 
physics." [221 [23] 

These two reasons, at either end of the emotional spectrum, can be summarized 
with one phrase: gauge/ gravity dualities. Put simply, gauge/gravity dualities are tools 
from string theory which relate gravitational theories to gauge theories. Inspired by the 
relationship predicted by the AdS/CFT correspondence |4l l24j 

ZcFT = Z^tring ~ 6^^-""-" (1.5) 

where WgravUy is a low energy effective action for a string theory which is known to be 
dual to i-d Af = 4 super Yang-Mills, we will investigate the simple proposed relationship 

gauge ~ -^^ gravity (-^'6) 

In the main result of this thesis, we will test Eq. (11. 6p by calculating the energy of 
a gravitational theory dual to /c-strings, and compare it to /c-string energy calculations 
from lattice gauge theory and Hamiltonian methods. In this light, we will specifically find 
that D-branes embedded in supergravity backgrounds dual to confining gauge theories 
are dual descriptions of A;-strings. 

As a final note before beginning, a gravitational theory dual to the standard model 
has yet to be found. The fact that one possibly exists is the driving force for much 
research in string theory today. It is certainly the driving force behind the research 
presented in this thesis. We will develop gauge/gravity dualities slowly, starting from 
scratch by first showing how to construct a supersymmetric string theory by generalizing 
point particle mechanics to string mechanics. 
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CHAPTER 2 
CLASSICAL STRING THEORY 



We will first discuss the classical point particle and then quickly move on to the classical 
bosonic string. From there we will introduce the supersymmetric classical string known 
as the Ramond-Neveu-Schwarz (RNS) superstring. We see in the analysis of the equa- 
tions of motion a new feature of the string not present in the point particle: boundary 
conditions. These boundary conditions give rise to a new object, known as a D-brane 
(D for "Dirichlet", brane for "membrane"), to which open strings can be attached. An 
application of Noether's Theorem will lead us to a Mass formula for the classical string. 
At the end of the chapter, we introduce Green-Schwarz (GS) superstrings, an alterna- 
tive but equivalent formulation of the superstring. We also discuss Poisson brackets as 
a bridge to the next chapter where we discuss quantum aspects of string theory. 



2.1 Ramond-Neveu-Schwarz Superstrings 

As a primer to string theory, let us first discuss the point particle. In D dimensional 
Minkowski space-time with signature (— , +,+,■■■ , +), the action for a point particle of 
mass m is: 



where 



Spp = -^j dT^/\drX -drX], (2.1) 

d^X-drX = r]^,-^-^, /i,z/ = O...D-l (2.2) 
The action is proportional to the length of the world line, which is mapped out by 



X^(r) as shown in Figure 2.1(a) The action for the point particle is reparameterization 
invariant; no matter how slowly or quickly we choose r to flow along the world line, the 
physics is the same. 

Because a string is one-dimensional, it will map out a two dimensional world sheet 



as it moves through space and time. As figure 2.1(b) illustrates, X'^(r, a) maps out the 
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(a) The point particle's world line. (b) The string's world sheet. 



Figure 2.1: The point particle's world line is reparameterization invariant with respect 
to its one parameter r, and the string's world sheet is reparameterization invariant with 
respect to its two parameters r, and a. Here and throughout, we choose o to run along 
the string, and r to run perpendicular to it for all times. 



world sheet of the string in D dimensional Minkowski space-time. The string's world 
sheet is reparameterization invariant with respect to its two parameters r and a. In 



Figure 2.1(b) we have parametrized the world sheet such that at every snapshot in 
time, cr flows along the string, and r flows perpendicular to the string. We have also 
chosen that the string's endpoints always coincide with a = 0, vr. We could have picked 
a different parametrization, but this choice gives a nice physical interpretation to the 
parameters, and we shall use it throughout this thesis. 

A natural generalization from the point particle action is the Nambu-Goto (NG) 
string action [25l [26] : 

Sng = -To J d^C^\det{d,X-dhX)\ (2.3) 
which is proportional to the area of the world sheet. Here the parameters are labeled 
= T, = cr, and da = The constant Tq has units of tension, and it is a natural 
generalization from the constant mass, m, which appeared in the point particle action. 
Since the X'^ are commuting variables, they describe bosons; more specifically, they are 
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world sheet scalars. To have fermions in our theory, as any theory which accurately 
depicts our world must have, we must augment the NG string action with a fermionic 
piece which includes anticommuting variables. Before we do this, however, it is useful 
to cast the NG string action into a different form. The form we desire is the Polyakov 
string action [251 EHl EH EH] : 

= -y J (fC^h^^daX ■ dtX (2.4) 

where 

h = \det{hab)\. (2.5) 
Here, hab is an auxiliary metric, used to connect the Polyakov string action to the NG 
string action. Varying the Polyakov string action with respect to hat gives its equations 
of motion [25l EH [28] : 



1 



(2.6) 



Using this equation to eliminate hab from the Polyakov string action, yields the NG 
string action, Eq. 12.31 

Now that we have shown the equivalence of the Polyakov and NG actions, we 
concentrate on simplifying the Polyakov string action. Reparameterization invariance of 
hab nieans that we are free to specify any two of its components. Making the following 
choice 

hoi = h^o = 0, hu = -hoo = (2.7) 

allows us to write hab as: 

hab = e^T]ab 



( \ 

-1 



v 



1 



(2.8) 



Plugging this into Eq. 12.41 leaves us with a simplified version of the Polyakov string 
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action 



' 2 



d^CV\detie<^Vab)\e-'^V'"'dcX ■ d^X 

= - Y y d'cV\^^t^\r]'%X ■ ddX 

= - Y y d'Cv^'d^x ■ d,X (2.9) 
As previously stated, we must supersymmetrize the Polyakov action so that our 
theory incorporates fermions. We include, along with the commuting bosonic fields X'^, 
anticommuting fermionic fields whose two components are Grassmann variables: 



(2.10) 



{^l^^,r±} = 0, /i,J^ = 0...c^ (2.11) 
This method of supersymmetry is called the Ramond-N eveu-Schwarz (RNS) formalism. 
The RNS supersymmetric action is formed by merely tacking on a Dirac-type action to 
the Polyakov string action: 

Srns = - Y / d\{daX -cfX + ii^- p'^da^) 
where p° are two by two matrices satisfying a Clifford algebra, [251 126] 

{p^p^}=2r/'^^ 

and ip'^ is defined as: 

The last equality in Eq. f l2.14p is because the ip^ are all two component Majorana spinors. 

One final note on the RNS action, it is invariant under the infinitesimal supersym- 
metric transformation: 

= eV^^, S^f" = p^d^X^'e (2.15) 
where e is a two component infinitesimal Grassmann variable 



(2.12) 
(2.13) 
(2.14) 
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2.1.1 Superstring Equations of Motion 

The RNS action is easiest to work with if we pick a representation for the two by 
two Dirac matrices [25j: 



-1 



P 



\ 



( \ 

1 



p 



I 



\ 



1 



(2.16) 



1 

With this choice, it is easy to show that the RNS action becomes: 

Srns = - Y / ^'C(5aX ■ - ■ d+^. - 2#+ ■ d^^, 



1 



(2.17) 



This action .s that of type I and II superstrmgs p^. .o. completeness, we wr.e 
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the heterotic superstring actioi 

Shet = - V / d'^adaX ■ - 2#_ • - 2^ 1^ (2-18) 

^ A=l 

where the main difference from the RNS action is that there are now 32 left moving 
fermions, ip^, instead of 10. Furthermore, the world sheet supersjTumetry of the het- 
erotic string is of the right moving modes only [25] : 

5X^' = ie^^_, 6^^ = -26d-X>' (2.19) 
We will concentrate mostly on the type II superstring, so we will concern ourselves 
now with the RNS action, whose variation leads to the field equations for X^^ and ip^, 

dad^'X'' = (2.20) 

d+ipl = (2.21) 

d--^:^ = (2.22) 



and the boundary conditions 



6X . d,X\l^, 



(2.23) 

^+ ■ 5^+ 1^=0 = (2.24) 
We now discuss satisfying these boundary conditions separably for open and closed 



^ This is known as the fermionic construction of the heterotic string. There is another, equivalent 
construction known as the bosonic construction of the heterotic string |25j 
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strings. 

2.1.1.1 Open Strings 

We can satisfy the open bosonic boundary conditions in two ways: 

5X^1^=0,^ = Dirichlet (2.25) 

9^X^|^=o,^ = Neumann (2.26) 
To illustrate clearly the implications of these boundary conditions, consider Fig. 12. 2[ 
which shows a specific choice of a string's boundary conditions in D = 2 + 1 dimensions. 
Here the string's end points are drawn as rings; a dramatization which illustrates that 
they are free to slide along the x-direction, but are fixed in the ?/-direction at y = a, b. 
This string's bosonic field = x satisfies Neumann boundary conditions, (9o.x|o-=o,7r = 0, 
and its bosonic field = y satisfies Dirichlet boundary conditions, 52/|o-=o,7r = 0. 



t 




Parallel 1+1 dimensional Dl-brane 
world-'\"olu.meE 



Figure 2.2: String with end-points lying on parallel Dl-branes. The Dl-branes map out 
1+1 dimensional world volume planes. The strings world sheet is not shown to avoid 
clutter. 
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In Fig. \2.2\ the two objects that the string's endpoints shde along are called D- 
branes (D for Dirichlet). The most general definition of a D-brane is an object that 
extends along all the coordinates of any number of spatial dimensions. If a D-brane 
spans all of p spatial dimensions, then it is called a Dp-brane. Both D-branes in Fig. 12.21 
are Dl-branes; they both span the entire x-direction. 

Drawing an analogy from the world line of the point particle, a Dp-brane aug- 
mented with the time coordinate makes up the world volume of a Dp-brane. For a 
Dl-brane, the world volume will be a 1 + 1 dimensional plane. The world volume for 
each Dl-brane in Fig. I2.2l is an x — t plane; one located at y = a and the other at y = b. 

We see in Fig. 12.21 that there are two different types of spatial coordinates that 
describe D-branes: normal and tangential. Normal coordinates specify the D-branes 
location, and satisfy Dirichlet boundary conditions for the string, where as tangential 
coordinates make up the contents of the D-branes world volume, and satisfy Neumann 
boundary conditions for the string. The time coordinate t, is always a tangential co- 
ordinate, and so in D dimensional space-time, a Dp-brane will have p + 1 tangential 
coordinates, and D — {p + 1) normal coordinates. For example, Dl-branes in D = 3 
dimensional space-time, as in Fig. 12. 2[ each have 1 -|- 1 = 2 tangential coordinates, x and 
t, and 3 — (1 + 1) = 1 normal coordinate, y. 

For an open bosonic string in D space-time dimensions attached between two 
parallel Dp branes, one located at = d\, the other at = dg, the boundary conditions 
for the string would be 



'=7T 



(^2, normal coordinates. 



(2.27) 



dcrX^ \cr=o,TT = 0, tangential coordinates. 



(2.28) 



with solutions to the bosonic string equations of motion, Eq. fl2.20p : 



X' = d\ + (4 - d\)- + hY^ -c^n sinna e"^"^ i = p + 1, ■ ■ ■ , D 



1 



(2.29) 



X^ = xi + IIpIt + Us ^ -a^ cos ncr e j = 0, ■ ■ ■ , p. 



(2.30) 
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where Ig = (ttTq) = \/2a'. The string's bosonic center of mass momentum, p^, is 
related to the zero modes, a^, 

r daP'^{0,a)^^ai;, (2.31) 
Jo v2a' 

with the string's bosonic momentum defined as (see section I2.1.2p 

P^(r, a) = ToX'^(r, a), X^" = drX^". (2.32) 

2.1.1.2 Closed Strings 

We will now discuss closed string solutions. Naively, one would expect the solutions 
to the string equations of motion for closed strings to be periodic. We see the bound- 
ary conditions for closed string bosonic fields, Eq. f l2.23p . are automatically satisfied if 
periodicity is demanded: 

X'^(r,(T) = X^(r,(T + 7r) (2.33) 
With this periodicity condition, the general solution to Eq. fl2.20p for closed string 
bosonic fields is a linear combination of independent right moving and left moving os- 
cillators and q;.(^, respectively [25l [26] : 

X'^ir, a) = x^,+ iy,r + ^[^^^e-^-^^"'^) + <e-2"(^+'^)] (2.34) 

now with the string's bosonic center of mass momentum p^, shared equally between the 

right and left moving zero modes, and a^: 

^ r daP'^iO, a) ^ ^< = (2.35) 
Jo " " 

The situation is slightly more complicated for the fermionic fields. The boundary 

conditions for closed string fermionic fields, Eq. f l2.24p . are automatically satisfied if 

either periodic (Ramond) or anti-periodic (Neveu-Schwarz) boundary conditions are 

used [251 EE]: 

iP±{t, ct) = iP±{t, a + n) Ramond (2.36) 

iP'^{t,o-) = —iP'^{t,(t + n) Neveu-Schwarz (2.37) 
Solutions to Eqs. f l2.2ip and ( I2.22p are left and right moving solutions, respectively, and 
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can have either Ramond (R) or Neveu-Schwarz (NS) boundary conditions: 



z/,^(r,a)= ij^{T,a) = ^ b^^e-^''^^+''^ NS (2.39) 

rGZ+l/2 rGZ+1/2 



2.1.2 Noether's Theorem and Conserved Quantities of 
the RNS action 

Noether's theorem says for every local symmetry there is a conserved quantity. 
Two conserved quantities of the RNS action are the stress tensor, Tab, and the super 
current, J^. The stress tensor is derived from local parameterization invariance of the 
action 

SSrns = = / d^e^'d'Tab, for C ^ + e%0 (2.40) 
and the supercurrent is derived from local supersymmetric invariance of the action 

SSuNS = = / d^C^dar (2.41) 

where e = e{C) [251 

The solutions of these conserved currents are 



Tab = daX ■ d,X + ■ P[adb) - \vab (d^X ■ d'X + ^i; ■ p'^d,i?j (2.42) 

^a = -^(pV>U-9,X, A = -,+. (2.43) 
Using Eqs. fl2.20p . (I2.2ip . and f l2.22p for the closed string, and hght cone coordinates 

C+ = r + a, r = r-a, (2.44) 
the non- vanishing components of these currents can be written 

oo oo 

T__(r)= 5^ T++(C+)= ^ (2.45) 



m=— oo m=— oo 



J^iC) = YGre-'^^'^-, J;(C+) = YGr-e-''"^'" (2.46) 
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where 



1 1 

= 2 X] ■ "™ + 4 5^(2^" - n)cn-r " c^, (2.47) 

m=—ao r 
1 °° _ 1 

-£n = - ^ a„„^-am + -^(2r-n)c„_r-c^ (2.48) 



2 

m=—oo r 

oo oo 



Gj. ^ ^ ■ Cj._jT2, (jTf ^ ^ ■ Cr—m (2.49) 

m=— oo m=— oo 

and Cr are either the fermionic oscillators br or dr for NS or R boundary conditions, 
respectively [25] . 

Notice the bosonic part of the stress tensor vanishes by the equations of motion 
for hab, Eq. (12. 6p . Similarly, it can be shown that the remaining components of the full 
supersymmetric stress tensor and the supercurrent vanish: [26l [25] 

T++ = T^_ = J+ = J- =0 (2.50) 
From equation (12.451) . we see this means that Gr = and = 0. Calculating 
= Lo + Lo 

= a^ + Ar + iV (2.51) 
and using 2al = a'p^, Eq. (I2.35p . we solve for the closed superstring mass 

a'M^ = -a'pl = -2al = 2{N + N) (2.52) 

where 

oo 

N = ^ a-n ■ On + ^ rC-r " Cr, 
n=l r>0 



oo 



= a_n ■ Cin + rc_r ■ c^. (2.53) 



n=l r>0 



2.1.3 Poisson Brackets 

As we will soon quantize the superstring, it is now prudent to discuss Poisson 
brackets for the bosonic, classical theory, described by the Polyakov action, Eq. (12. 9p . 
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The momentum conjugate to is 

P^{a, r) = -T^T^ = ToX'^la, r) (2.54) 

where 

(2.55) 

Defining the equal r Poisson brackets as 

[A^'ia, t),B [a, t)\p.b. = J d a \^ Qp^^~~ 



t) dXa{cr,T) 



(9A^((T,r) dB''{a',T) 

a straightforward calculation shows 



(2.56) 



[P^(a,T),P^(a',T)]p.B. = [X^{a,T),X%a',T)]p.B. = 0, (2.57) 
[P'^((7, r), X''(a')]p.B. = V^'^Sia - a'). (2.58) 
Inserting the bosonic solutions into these equations gives the Poisson brackets for 
the bosonic modes: 

<\p.B. = [<, <\p.B. = im77'^'^5^+„,o (2.59) 
[<,<]p.s. = (2.60) 
where in the open string case, there are only one set of modes. In deriving these rela- 
tionships, it is useful to first derive the Poisson Brackets for the center of mass variables 
4 = -/ daX^(0,a), / d(TP^(0,a) (2.61) 

K,4]p.B.=r/'^'^ (2.62) 
where 2q;q = 2q;q = IsP^ for the closed string and = IsPq for the open string. 



2.2 Green Schwarz Superstrings 

In the previous section, we showed the supersymmetric version of the Polyakov 
string: the RNS superstring. The supersymmetric version of the Nambu-Goto string is 
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the Green-Schwarz (GS) superstring, with supersymmetric action: 
Sgs = d^(^^/-detMab + j ^2, 

^2 = c(eir^rfe^ - e^r^de^)dx'' - cQ^r^dQ^e^vde^, (2.63) 

where c is a constant, and A = 1,2. The action is supersymmetric with respect to the 
transformations 

SQ^ = e^, SXf" = e^T^'e^. (2.64) 
This action has M = 2 supersymmetries for closed strings, as in types IIA, and IIB. 
For open strings, = e^, and so type I superstring theory has = 1 supersymmetries 
as it contains open strings [25] . 
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CHAPTER 3 
QUANTUM STRING THEORY 



To move to the quantum theory of strings, we will start by finding oscillator commutation 
relations from the quantum limit of the Poisson brackets. Taking these oscillators to be 
creation and annihilation operators acting on a Fock vacuum, the string mass will now 
take the form of an operator. As the operators no longer all commute with each other, 
normal ordering of the mass operator now slightly modifies it from the classical theory, 
with a constant proportional to D — 10. Acting with this mass operator on the ground 
states of the string, we will investigate the field theory for type II superstrings, which is 
an infinite tower of massive fields. We find the type II ground states to have zero mass 
for D — 10, the critical dimension of superstring theory. 

The ground states of the type II theory are shown to be the field theory of a 
supergravity, evidence that the low energy effective action for superstrings is precisely 
supergravity for type II superstrings and supergravity coupled to Yang-Mills theory 
for type I and Heterotic string theory. As the Ramond-Ramond charges of type II 
superstring theory are carried by D-branes, we find that augmenting the type II theory 
with D-branes comes naturally, and that they can contain dynamics. Furthermore, D- 
brane interactions with open strings show that they carry ^7(1) gauge fields on their 
world volume, which can be extended to U (N) gauge fields in the case of N coincident 
D-branes (parallel, identical D-branes, stacked infinitesimally close together). At this 
point we will have all the ingredients for the AdS/CFT correspondence: J\f = 4 U{N) 
super Yang-Mills theory in 3 + 1 dimensions is dual to type IIB superstring theory on 
AdS5 X 



20 



3.1 The Quantized Type II Superstring 

Here we will quantize the closed superstring, leading us to the type II superstring 
theory. In moving from a classical theory to a quantum theory, we take the Poisson 
brackets from section I2.1.3[ and let 

[ , ]p.B.-^^[ , ] (3.1) 
where the right hand side is the quantum theory. The commutator is of the Fourier 
coefficients a and a in Eq. (12.341) . which are now interpreted as creation and annihilation 
operators acting on a Fock space [25J. For the fermionic coefficients, we propose the equal 
r anticommutator relation for the solutions to Eqs. fl2.38p - fl2.39p 

{V^^(r,a),V^^(r,a')} = 7rr/'^'^W(^x-a'), A,B = +,- (3.2) 
and solve for the anticommuting relations of the modes: [251 126] : 

[«m, «n] = «n] = mSm+nfiV^" (3-3) 

{b>f,b':} = {K,~K}=v'''Sr+s,o (3.4) 

{C, <} = {C, <} = r/^^ Wo- (3.5) 
We now interpret these as oscillators acting on Fock states. We define the ground 
state for a string of center of mass momentum p as \p, 0)ji for Ramond boundary con- 
ditions and \p, 0) Ns for Neveu-Schwarz boundary conditions. The positively moded 



oscillators annihilate their ground state 

<b,0)ij = Cb> 0)^ = 0, m>0 (3.6) 

K\p,0)ns = 0, <b,0)^5 = 0, r,m>0 (3.7) 
and the negatively moded oscillators build mass states out of the ground state: 

<b, 0)^ = Cb, 0)^ = b, |m|)^, m < (3.8) 

<\p,0)ns=\p,H)%s^ K\P,0)NS=\pAr\)%s^ m,r<0 (3.9) 



where these are states of mass \m\ or |r| units above the ground state. The same relations 
hold for the left moving, tilded oscillators. 

This leads us to the quantum mass operator. Borrowing from the classical theory 
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the constraint Lq + Lq = 0, we postulate that this manifests itself quantum mechanically 
as the operator condition 

iLo + Lo)\phys)=0 (3.10) 
where \phys) is a physical state that is a tensor product of a left moving state, \p, \m\)'^ 
or \p, and a right moving state, \p, |m|)^ or \p, |r|)^^, of which there are four 

possible sectors [26l [25] : 

/■ 

\p, (g) \p, R-R sector 



\phys) 



\p.V\)ns®\pM)ns NS-NS sector 



(3.11) 



\p, \r\Y 



NS 



|p, \m\Y^ NS-R sector 



|j9, |m|)^ |p, IrDj^^rs' R-NS sector 
where the left moving operators act on the left states and the right moving operators 

act on the right states. 

Demanding that the stress energy tensor still vanishes quantum mechanically, we 

follow Eq. fl2.5ip and calculate 

= {Lo + Lo)\phys) 



On 



+ ^ ^ «-n ■ «n + ^ ^ rC-r ' + ^ ^ Oi-n " «n + ^ X] C-r ' Cr j \phys) 



{al + N + N + ab + hb + af + af)\phys) 



(3.12) 



and solving for the mass operator, we find: 

a'M^ = -a'pl = -2al 

= 2{N + N + ab + ab + af + af) (3.13) 
where the number operators, N and A^, are as in Eq. fl2.53p . 

Here we notice that the quantum mass operator is different from the classical mass, 
Eq. (12. 52 p . This is because taking into account the commutation relations in Eqs. 13. 3[ 
13.41 and 13.51 when we normal order the quantum oscillators leads to the formally infinite 
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constants: 



D 



O-b — 0,b 



n=l 



a/, a/ 



D-2 v^oo 



■^Er=i3...r NS 



Using the finite, analytic continuations of tlie infinite sums: 

oo ^ 



n=l 

oo 
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the infinite constants are redefined as 



D-2 
24 



D-2 
24 ' 



R 



a/, a/ —7- < 



D-2 
48 ' 



NS. 



(3.14) 



(3.15) 



(3.16) 
(3.17) 

(3.18) 

(3.19) 



See Appendix|A]for a discussion on finite analytic continuation of infinite sums. A final 
note here is that the factor D — 2 in these constants traces back to reparameterization 
invariance of the world sheet, which results in only D — 2 independent oscillators in each 



set Q^^5 ^rn^ CtC. 



3.1.1 The Physical Ground States 

The Gliozzi-Scherk-Olive (GSO) projection keeps only the states with positive G- 
parity in the NS sector as physical states. The G-parity operator is defined for NS states 

by [23 ESI ES] 

G = (-1)^-1/2^— ^-+1 [NS) (3.20) 
This means that \p,0)j\fs is not physical, and that the first excited state, b^-^^^\p,0)Ns, 
is the physical ground state, with D — 2 real propagating degrees of freedom, making it 
a space-time vector. 
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aie, Lilly coiibiraiiiL i« [zuj 

^o|p, 0) = iao- do + '^an- d_n \ \p, 0) = 



The classical constraint Go = becomes a quantum mechanical constraint. For 
the Ramond ground state, this constraint is [26] 

= = a ■ do\p,0) 

= = p%b,0) (3.21) 
as oc p'^ and d^ oc since the (ipS must have a representation as Dirac matrices as 
they furnish a D dimensional Clifford algebra, Eq. (13. 5p . The Ramond ground state, 
therefore, satisfies a massless Dirac equation, meaning it is a spinor in D space-time 
dimensions, with 2^/^"''^ real degrees of freedom, with 



D 



D, D is even 

(3.22) 



D-l, D is odd 

Enforcing the Dirac equation as a constraint, while at the same time forcing it to be a 
Majorana-Weyl spinor (real with definite chirality), reduces this number of degrees of 
freedom by a real factor of eight. 

The G-parity operator for the R sector is defined as [25] 

G' = F^_^i (-1)^^=1'^-"'^" (R), (3.23) 

F^^i=FoFi--.F^_i. (3.24) 
Here we keep either positive or negative G-parity states as physical states. Looking at 
Eq. f l3.24p . we see this boils down to keeping either states with positive or negative parity 
with respect to F^^-,^ as physical states. We then define the physical Ramond ground 
states as either 

|p, +)n = F^^Jp, 0)^ = +b, 0)^, (3.25) 

or 

\p,-)r = r^+ib,0),j = -\p,0)r. (3.26) 
The type II superstring is a theory of closed superstrings, and so its ground states 
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are the four sectors shown in Eq. fl3.1ip . The type II physical ground states are there- 
fore tensor products of left and right moving ground states. Choosing the left moving 
Ramond ground states to have the same chirality, with respect to ^fj^i, yields type IIA 
superstring theory, choosing opposite chirality yields type IIB superstring theory. For 
IIA, the ground states are [251 EE] 

b, \p,+)r 

\P,-)R®b'^l/2\P^0)NS 

where as for IIB the ground states are^: 

b, +)r®\p,+)r 

1/2 b' 0)^5 ® \p^+)r 

\P, +)fi®&'!i/2b,0)7V5 

Acting on these states with the mass operator, where N only acts on the right 
moving part of the ground state and acts on the left moving part of the ground state, 
we find that the masses of the ground states are 

a'M^ = 0, R-R sector (3.35) 

(3.37) 

o 

a'M^ = --{D - 10), R-NS sector (3.38) 
8 

which all vanish for D = 10, the critical space-time dimension for superstring theory: 
for dimensions smaller than this, some of the ground states are massive, for dimensions 



R-R sector 


(3.27) 


NS-NS sector 


(3.28) 


NS-R sector 


(3.29) 


R-NS sector 


(3.30) 


R-R sector 


(3.31) 


NS-NS sector 


(3.32) 


NS-R sector 


(3.33) 


R-NS sector 


(3.34) 



NS-NS sector 



a'M^ = -^{D - 10), 
a'M^ = -i(D - 10), NS-R sector 



^The choice of positive or negative chirality is arbitrary, only the relative sign between the left and 
right moving modes matters. This is, again, opposite chirality for IIA, and the same chirality for IIB [55] 
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larger than this, some of the the ground states are tachyonic (NS-NS, NS-R, and R-NS 
sectors). While this is not a proof of the critical dimension of string theory, it shows 
evidence for it. A more complete discussion of the critical dimension of superstring 
theory is given by Polyakov [30j involving conformal and diffeomorphism invariance of 
the path integral measure, a condition sometimes referred to as the vanishing of the 
trace anomaly of the stress energy tensor. 

In ten space-dimensions, the four massless sectors each contain 64 degrees of free- 
dom, which can be reorganized into the fields shown in Table 13.11 



Table 3.1: Field content for the massless modes of type IIA and IIB superstrings. 



Sector 


Massless Fields 


Respective Name of Fields 


R-R 


Fa = dCi, F4 = dCg, type IIA 
Fi = dCo, F3 = dC2, F5 = dCi, type IIB 


Ramond-Ramond Fields 


NS-NS 




graviton, Kalb-Ramond Field, 
dilaton 


NS-R 




gravitino, dilatino 


R-NS 


A' 


gravitino, dilatino 



Notice that the massless fields of type IIA correspond to the field content of a particular 
supergravity, and the massless fields of type IIB correspond to the field content of a 
slightly different particular supergravity. This is evidence that a low energy, effective 
action for string theory exists which contains supergravity [251 129] . 

3.2 Low Energy Effective Actions of String The- 
ory 

The field content of type II superstring theory was a finite number of massless fields 
and an infinite tower of massive fields which we now denote by 0o and (pn, respectively. 
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The massive fields have masses at the Planck scale, and so don't need to be considered 
if we are to investigate string theory at currently available energy scales. If we knew 
the entire string field theory, S[(j)o, (pn], we could, in principle, integrate out the massive 
fields, and study the effective action of just the massless fields |31] : 

JS^^fAM _ / L)0^e^^['^O''^«l (3.39) 



As the full string field theory S[(j)o, 4>h] is not currently known, we can instead 
construct effective actions for low energy superstrings by considering the known massless 
field content, as described in the previous section for type II superstring theory, and using 
guiding principles such as supersymmetry, gauge invariance, and comparing scattering 
matrix elements between theories |31] . 

The low energy effective actions for the five different superstring theories can be 
split up into their bosonic and fermionic components as 

Seff = S, + Sf. (3.40) 
As the fermionic actions are considered to vanish classically [32l |25], we discuss only the 
bosonic part of the actions here. The full actions, including the fermionic contributions, 
can be found in [321 [31] . The bosonic action takes the form 

Sb = ^ j d''x^/GR -^j Cm, 2k' = (27r) ^ (3.41) 



and the bosonic matter actions for the different superstring theories are [29 



Cll^^) = d^A *d<^ + e-'^Hs A *H3 + e^^/^Fs A *F2 + F4 A *Fi + ^2 A F4 A F4 (3.42) 

= A *d<^> + e^^Fi A *Fi + e-^H^ A *H3 + e^F^ A + ^Fg A *F.,+ 

+ C4AH-SAF3 (3.43) 

= d^A *d$ + e*F3 A *F3 + ^e^/^Tr, (F2 A *F2) , gf^ = 2(27r)^/2^'/€ (3.44) 

fi'io 

= d<^A + e-^Hs A *Hs + ^e"*/'Tr„ (F2 A *F2) , gio = ^ (3.45) 

9io Va' 



^ A nice discussion of the equations of motion and various solutions can be found in |33j , where the 
type II actions can be derived from those hsted here with G^i, — )■ gs G^^ and k/qs- 
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For type II, we have pure supergravity, with only U{1) gauge fields | 

H3 = dB2, Fp = (iCp_i, F3 = F3 — F4 = F4 — Ci A i^3, 

F5 = *F5 = F5 + 52 A F3. (3.46) 
For type I and heterotic superstring theory, we have supergravity coupled to Yang- Mills 
theory, with 

F. 



'3 = dC2 5-^3, ^^3 = 2"^3, 

C03 = Tr, {C1AF2- jCi A Ci A Ci 



(3.47) 



where the Yang-Mills field F2 = dCi is matrix valued with gauge group 5*0(32) in type 
I, and either 50(32) or E'g x in the heterotic theory [3T| [26| [29] . A nice summary 
of the bosonic equations of motion derived from the IIA and IIB actions can be found 
in [33] . 

We have written everything in the Einstein frame, which is related to the string 
frame via: 

{G ^y) Einstein 6 ^ {G ^i/) gt^ing (3.48) 

To switch these actions between the Einstein and string frames, the following conformal 



identities for D dimensional space-time are helpful [25] : 

as 



{{D - 2)rX + G'"^G'^.)$;a;/3 + '^^^^{G^.G^^ - 5^5^,)^,^^,^ 



R+ 



+ s 



a\D-l){D-2) 



1 + 
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a{D-2) 



F, A *F, e^'^/^-P^'"^F, A *F„ 



for G^i, — )■ e"*G^,y with arbitrary constants a and b and where 



R 



(3.49) 
(3.50) 



■^Alternate conventions for the self dual five form arc -F5 = -Fs — C2 A and -F5 = -Fs — A H^^ 



28 



3.2.1 Black p-branes 

We now discuss a famous solution to the supergravity equations of motion, known 
as the black p-brane [311 121] • The action for a type II supergravity with only one 
non- vanishing R-R source, in string framqj, is 



whose equations of motion are 
R = -4(V$)^ -4V^$, 

d * F.p+2 = 0, 
R 



P+2\ 



where Cp = 1 for all R-R forms except for the five form from IIB, where Cp = 1/2 
We investigate a specific solution to a R-R source at the center of an S^~p 



(3.51) 

(3.52) 
(3.53) 
(3.54) 



p+2 



(3.55) 



F5 = (5(^5 + *W5), p = 3 
where Q = qgs{(y')^'^^^^^'^N , the charge per unit volume of the S^~^, 

/ *Fp+2 = Q ws-p, (3.56) 
N is an integer, q and Qs are unitless, and Un is the volume form for an 5", with volume 
/u;„ = 27r("+i)/Vr((n + l)/2). 



The solution to this source is 

Uip) 



f-ip) ^ 



f-ip) 



-l/2-(5-p)/(7-p) 



-dp'^+ 



-2$ 



Uip) 

+ p'Upf'-^'-'^'^'-''dnl_p, 

e "=97'f-ip)-^^-'^^\ /±(p) = l-(^y" 

where dXp is the p dimensional Euclidean line element, whose volume is known as a black 
the p-brane: a black p-brane is the p dimensional analogy of a black hole. 



(3.57) 
(3.58) 



^We have, in addition, made the redefinition e ^* 
literature, where gs is the string couphng constant. 



g-^e ^* to be consistent with some of the 
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The constants r± are related to the Mass M, and charge Q by 



M oc (8 -p)r 



7— p 7— p 



l{7-p)/2 



(3.59) 



The singularity aX p = is an event horizon and the singularity at p = r_ is a 
curvature singularity. For p = 0, this solution describes a black hole, without a naked 
singularity for r+ > r_. For general p < 6, ap dimensional brane exists at the curvature 
singularity, and the solution is said to describe a black p-brane [34] . 



3.2.2 Extremal black p-branes 

Extremal black p-brane solutions are those for which r+ = r_ , where the charge Q 
becomes related to the horizon r+ as 

rl-' = Q = qgsN{a'f-^^/\ 
Applying the coordinate transformation 



^7-p ^ ^7-p _ ^7-p 



the extremal black p-brane solution becomes 

ds^ = H{r)-^'\-de + dxD + H{ry/\dr^ + rHnl_^), 
n(r)i^-p)/\ H(r] 



e = gs 



Q 



Uip) V r 



dx^ A ■ ■ ■ A dx^ Adr, p 3 



P+2 



Q (t^5 + HW^dx^ A--- Adr^ , p = 3, 
where now the horizon is located at r = |24j . 



(3.60) 
(3.61) 



(3.62) 
(3.63) 

(3.64) 



3.3 The Open Superstring and Non-Abelian 
Gauge Theories 

We have seen that superstring theory can be thought of as an effective theory of 
gravity, thus bearing the possibility that it can describe the quantum gravity of our 
world. Superstring theory can also possibly describe the standard model, as it contains 
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chiral fermions and non-abelian gauge theories [2^ . The latter feature is clearly evident 
in three of the superstring theories presented in the previous section: the type I theory 
and one of the heterotic theories contain an SO (32) gauge theory, and the other heterotic 
theory contains an Eg x Eg gauge theory. Though the type II theories presented thus far 
only contain U{1) gauge theories as part of their supergravity, we will see that they can 
be modified to contain non-abelian gauge theories. For instance, if we add open strings 
to the type IIB theory ending on multiple, parallel D-branes, non-abelian gauge theories 
will appear on the world volumes of the D-branes ESI • 

3.3.1 D-branes and Gauge Theories 

Much work has been done relating D-branes to gauge theories, the inception being 
t' Hooft's work [37], where he showed the duality between open strings and gauge theories 
for a large number of colors. As D-branes are the end points of open strings, it is not 
surprising that they too are found to be related to gauge theories. 

Analysis of vertex operators in the closed type II superstring reveals that super- 
string carries NS-NS charge [35]. We can therefore write an interaction between the 
superstring and the NS-NS two-form B2 as [36] 

SB = -\j dX^ A dX'^B^^iXiT, a)) 

= _1 y d'OxB,,{x)f''{x) (3.65) 
where the NS-NS charge is carried by the string current 

fix) = j dX^A dX''5^\x - X(r, a)). (3.66) 
The action, Eq. fl3.65p . is gauge invariant with respect to the transformation 

B^, ^ B^, + d^K - d,k^ (3.67) 
for closed superstrings and open superstrings with Neumann boundary conditions. If we 
add some open superstrings ending on a Dp-brane to the type IIB theory, we must add 
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a U{1) gauge field, Aa{X), at the string endpoints to maintain this gauge invariance 

Sb,p = SB + 2na' j Aa{X){dXX=^-dXX=o), a = 0,---,p (3.68) 
where Aa{X) transforms as 



Aa ~^ Aa — 



1 



27ra 



:Aa 



(3.69) 



This can be viewed as the NS-NS open superstring current, Eq. fl3.66p . turning 
into a vector f/(l) gauge current at its endpoints sourcing the gauge invariant field 

= + 27ra'F,6 (3.70) 

Fa6(C) = '9aAfe(C) - 9feA,(C) (3.71) 

which propagates along the Dp-branes world volume, parametrized by C [36j. This 



process can be depicted pictorially as in Figure 3.1(a 




(a) J7(l) gauge flux flowing through N 
1 Dp-brane. 




^ L 



(b) From the perspective of N coincident 
Dp-branes, the U{N) gauge theory looks 
hke a U{N) 1-string flux tube in the dual 
gauge theory picture. 



Figure 3.1: String current, j^'^, flowing into coincident Dp-branes as U{N) gauge flux, 
(essentially copies of J^ab), then flowing back out at the other string endpoint, turning 
once again into string current. 
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Figure 3.2: Nine distinct strings can stretch between three parallel D-branes. 

Consider now three identical, parallel Dp-branes, spaced an infinitesimal distance 
apart, as in Figure 13.21 Collections of D-branes such as this are known as coincident 
D-branes. As there are 3^ = 9 distinct types of strings attached to the D-branes in 
this configuration, there are 9 distinct gauge fields, which compose as U{3) gauge field. 
For coincident D-branes, we have a U (N) gauge field propagating on their coincident 
world volume. 

3.3.2 D-branes as Dynamical Objects 

We will now explain how D-branes are dynamical objects as well as objects which 
carry U{N) gauge fiux. Perhaps the quickest and most succinct argument as to why 
D-branes possess dynamics is due to Polchinski [35] : 

1. Analysis of vertex operators in the closed type II superstring shows that while 
strings carry NS-NS charge and interact with the NS-NS two form field B2 via 
Eq. (13.651) . they do not carry NS-NS charge and thus can not interact with the 
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R-R forms [35l |38 



2. Since S-duality in type IIB superstring theory switches the NS-NS and R-R two 
forms {B2 ^ C2), there must be something with R-R charge for the R-R form to 
interact with. Since this can't be the string, it makes sense to assume that it is 
the D-brane [35] . 

Furthermore, just as there is a natural couphng between a string and B2, there is a 
natural coupling between a Dp-brane and Cp+i: 

Sc, ~ j (F^\C,,...^^^,dX^^ A ■ • • A dX^^+\ (3.72) 
and we now can interpret the black p-brane sources of R-R charge in section 13.2. ![ as 
D-branes on which open strings can end. The D-brane's dynamics are manifest in Eq. 
f l3.72p in it's bosonic coordinates X = X{() becoming scalar fields on its world volume, 
parameterized by (. 

A supersymmetric effective action encompassing all these features of a Dp-brane 
in a curved type II background is given by [39] 

Sp = -/ip f dP+^Ce-'^VM + ^ip fj^CnAe^ + 

+^ j dP'-'Ce-^VM Cf{e) (3.73) 

where 

= I det A^afel, Mab = gab + J^ab, 

fip = {27T)-P{a')-^P+''>^\ (3.74) 
and gab and the more general version of Bab in Eq- fl3.70p . are both pullbacks to the 
Dp-brane world volume: 

gab = daX'^dtX^G^,, Bab = OaX^dbX" B^,. (3.75) 

The first term in this action can be seen as the generalization from the Nambu-Goto 
string action to higher dimensional objects endowed with a U{1) gauge field J^ab- 

As ( is the parametrization of the Dp-brane's world-volume, the Dp-brane action 
is a field theory of the bosonic scalar fields, X^{(), the bosonic U{1) vector fields Aa{C), 
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and fermionic fields of tlie 32-component Green- Scliwarz spinor, 0(C)- Tlie fermionic 
fields give dynamics to the Dp-brane through the fermionic Lagrangian, which is 
different for the type IIA and IIB supergravity theories 

e, type IIA (3.76) 



£^(0) = 6(1- Tn,) {M-y' (r.Df ) + T,Wa) - A^^) - A(2) 



e, type IIB (3.77) 
The rest of the definitions in these Lagrangians are found in appendix lE.ll 

The action, Eq. 03.73 p . shows how a U{1) gauge theory manifests itself on a Dp- 
brane embedded in a supergravity background. This is the low energy effective action 
from open strings ending on one Dp-brane added to a type IIB theory. As explained pre- 
viously, U (N) gauge theories manifest themselves as the low energy effective action from 
open strings ending on N coincident Dp-branes [38| [2l| [36] . Previewing the connection 
to fc-strings, consider such coincident D-branes. Removing the attached string from 



the picture, as in Figure 3.1(b), the strings end points look like quarks in the fc-string 
dual picture, and the U{N) flux through the D-brane look like the U{N) flux tube of 
the fc-string for k=l. For arbitrary k, the analogous picture would be the same, but 
with multiple strings attached to the D-brane. 



3.3.3 The AdS/CFT correspondence 

In section [3l2l we saw that the low energy field theory of type II closed superstrings 
is effectively supergravity. So far in section 13. 3[ we have seen evidence that the field 
theory of open strings and D-brane excitations contains Yang- Mills theories. This should 
not at all be a surprise, as the bosonic, low energy effective action of type I open and 
closed superstrings, Eqs. f l3.44p and (13.41 p . is that of supergravity coupled to Yang- 
Mills theory. Consider now the theory of type IIB closed strings and add some open 
superstrings ending on A^ coincident D3-branes. Integrating out all the massive modes. 
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as in Eq. fl3.39p . results in a low energy effective action [21] 

Seff = SsuGRA + Sbranes + Sint + higher Order derivative terms, (3.78) 
where Ssugra contains supergravity, due to the closed strings, Shrams contains four 
dimensional Af = 4 U (N) super Yang-Mills theory, due to the open strings and D-brane 
excitations, and Smt contains the perturbative couplings, in powers of k ~ gsd'^ [H El] • 
Taking the weak coupling limit a' ^ results in decoupled theories of free supergravity 
{S gravity) and free super Yang- Mills theory {Ssuym)'- 

^e.ff = Sgravity + Sym[4>Ym] + 0{k) (3.79) 

where we have denoted the super Yang-Mills fields, collectively as 4>suym- At this 
point, we can construct a partition function for this string theory by evaluating Seff on 
a particular supergravity background, and path integrating over the super Yang-Mills 
fields, we denote collectively by 4>ym- 

Zstrrr^g = ZcFT = J Dcj^y Me'^'^f ^ ~ ^W.^a.Uy _ (3 gg) 

Now consider the effective action W gravity from the rightmost term in Eq. f l3.80p . 
This should be related to a classical supergravity theory with D-branes as the black 
p-brane sources, as in section 13.2.11 Considering decoupled low energy excitation in 
this new perspective, let us match which corresponds to the free gravity and which 
corresponds to the free SUYM theory in the path integral in Eq. fl3.80p . Specifically, 
we consider N parallel D3-branes as black 3-branes, with R-R charge Q oc N, sourcing 
the supergravity fields as described in section 13.2.11 Considering extremal solutions, 
r+ = r_, the background is 

ds^ = H{r)-^'\-de + dxl) + H{rf/^{dP + r'^dnl), (3.81) 

= 00 = constant, H{r) = 1 + ^^^^J^- (3.82) 
Considering low energy probes embedded into this geometry, we can separate them 
into two types: those that decouple from the near horizon region and those that don't. 
Massless particles propagating through the space-time will decouple from the near hori- 
zon geometry and we interpret these as the free gravity. We are left to conclude that low 
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energy excitations that live near the horizon of the black brane must be dual descriptions 
of the gauge theory [U [211 ES] . 

Investigating the near horizon geometry, we pull out the perturbative a' depen- 
dence by switching coordinates to 

U =— (3.83) 
a' 

and carefully take the near horizon limit 

r ^ as a' (3.84) 

U = fixed (3.85) 



where the metric becomes 



ds^ — )■ a' 



— > a 



(3.86) 



— — y-dr + dxl + dz^) + ^JqgsNdVLl 



z = ^ , (3.87) 
which is AdS^ x 5*^ (see appendix[B]). As the JV = AU (N) super Yang- Mills theory is dual 
to the excitations in this region, the AdS/CFT correspondence is stated: M = 4 U{N) 
super Yang-Mills theory m 3 + 1 dimensions is dual to type IIB superstring theory on 
AdS5 X ^5 giEl]. 

The real power of this correspondence is that it is a strong-weak correspondence 
between the two theories. The correspondence relates the coupling constants between 
the two theories akin to the famous t'Hooft coupling relationship 

g'y^N ~ g^N. (3.88) 
The product gsN is proportional to the radius of the AdS^ space and when this is large 
the gravitational coupling is small, and one can do perturbative gravity calculations. 
These calculation will be dual to strongly coupled gauge theory calculations. On the 
other hand, if the the AdS^ radius is small, the gravitational coupling is large, and the 
gauge theory coupling is small, so one can here do calculations on the gauge theory side 
and relate them to the gravitational theory side. In this way, the AdS/CFT correspon- 
dence is a way to do perturbative calculations in one theory and relate them to the 
perturbatively intractable calculation in the other theory. 
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Taking a probe to be the dilaton field evaluated at the boundary of the AdS^ space, 
^o{x) = $(x,2;)|^=0) we can be more precise with Eq. f l3.80p and write the AdS/CFT 
correspondence as: [IHl SD [21] 

ZcftIM^)] ^ (e/'^'^*»(^)^(^)) = Zstr.nAM^)] ~ e"^"- [*1 1 (3.89) 
where x = (t, X3) is the parametrization of the black D-branes. Here, CFT is an abbre- 
viation for Conformal Field Theory, and refers to the four dimensional Af = A SUYM 
theory. We have approximated the full string partition function with its low energy ef- 
fective action partition function of type JIB supergravity. On the gauge theory side, the 
dilaton manifests itself as a source of correlation functions for the conformal operator, 
O: 

A formula such as Eq. f l3.89p can be generalized to generating fields from the 
supergravity side that are spinors, vectors, and p-forms of mass m. For an operator of 
dimension A, the corresponding generating field has dimensions 4 — A, where [lO, l24] 

A± = 2± v/(p-2)2 + m2, p>0 (3.91) 

A = 2 + |m|, spinors (3.92) 
and for the the p- forms, either A = A+ or A = A_. 
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CHAPTER 4 

K-STRING TENSION VIA GAUGE/GRAVITY DUALITIES 

The AdS/CFT correspondence, laid out in section [3.3.31 shows that calculations 
in a supergravity background can be dual to calculations in Yang-Mills theories. This is 
well thrashed out for AdS^ and four dimensional U{N) A/" = 4 SUYM theory, including 
ways of building gauge invariant operators on the CFT side using gravity calculations 
dual to the functional variations of the CFT partition function. Though this is a step 
toward describing the standard model with string theory, it's still very far away from 
this goal. For one thing, the dual gauge theory is conformal and so the coupling constant 
doesn't run. 



Table 4.1: Gauge Theory States and Their String Theory Configurations. 



Gauge Theory State 


String Theory Configuration 


Glueballs 


Spinning Folded Closed String 


Mesons of heavy quarks 


Spinning open strings ending on boundary 


Baryons of heavy quarks 


Strings attached to baryonic vertex 


Dibaryons 


Strings attached to wrapped branes 


Mesons of light quarks 


Spinning open strings ending on D7 branes 


/c-strings 


Wrapped branes with fiux 



An interesting research topic which has been pursued is constructing supergravity 
solutions which have dualities with gauge theories with less supersymmetry and coupling 
constants that run, which are much closer to the standard model than CFT's. Inves- 
tigating brane solutions similar to the black p-brane solution in section I3.2.H we find 
that D-brane solutions which carry the smallest possible Ramond-Ramond charge break 
half the supersymmetry on the gauge theory side of the correspondence [35]. These 
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branes are known as Bogomolny-Prasad-Sommerfield (BPS) branes, the algebra of the 
corresponding gauge theory being the corresponding BPS state [l2l [25] . 

We can also find supergravity solutions with sources, sourced by magnetically 
charged Neveu-Schwarz 5-branes (NS5-branes) which break supersymmetry [l2l H3| |5l 
m]. Furthermore, conifold theories are clever ways of wrapping these brane configura- 
tions around certain geometries (S"", S*" x S"", Y^'^ with even J) to break supersymmetry 
and maintain the regulating features of the gauge/gravity duality [l2l [5l HH HS]. Some- 
times, infrared divergence problems exist on conifolds and they must be deformed to reg- 
ulate this behavior p2|[5]. We will now investigate calculations in two such backgrounds: 
the Klebanov-Strassler (KS) [5j and Cvetic, Gibbons, Lii, and Pope (CGLP) ^ back- 
grounds. The gauge theory duals of these backgrounds have running coupling constants, 
the energy scale of the dual gauge theory being dual to a coordinate on the supergravity 
side: small (large) distances from a singularity in the supergravity correspond to the IR 
(UV) in the gauge theory |46l [5l |6] . 

String theory objects embedded in such backgrounds have correspondences with 
gauge theory states, as shown in table 14.11 jiTj flOt [TT| [12] . The correspondence be- 
tween fc-strings and D-branes composes the main result of this thesis: k-strings are dual 
configurations of charged Dp-branes embedded in supergravity backgrounds, as evidenced 



in [3 El [ini [m [12] • We briefiy saw a glimpse of this correspondence in Figure 3.1(b) , and 
devote the final two chapters to more concrete evidence. Specifically, we will calculate 
the theoretical D-brane energy, at small distances (IR), and directly compare it to various 
/c-string energy calculations in the hterature [T|[2|[48l[49l[5nl[T4l[T5|[T7l[T8l[T9||2n]. 



4.1 General Formula for D-brane Energy 

As our theory of D-branes is one of scalar fields, spinor fields, and vector fields, let 
us begin simply by calculating the free energy of a scalar field, with the hopes that it 
may shed light on a formula for D-brane energy. From statistical mechanics, we expect 
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the free energy for a scalar field to be given by: 

Z = e-^^ = {^\e-nv) 

(4.1) 

The partition function, Z, should be dominated by the classical, minimum Hamiltonian, 
H^l^ and so we have the approximate relationship [51] 



^e-^-^™'". (4.2) 



We approximate that the free energy of this theory will be equal to -ff^L pl^s quantum 
corrections: 

E ~ Hmin + quantum corrections. (4.3) 
For the quantum corrections, we write the partition function in terms of the path 
integral 

Z={^\e-^"\^) 
Dip e'^ 

D(p e~^^ (4.4) 
where we have Wick rotated to a Euclidean action, Se- We now expand around the 
classical solution (p = ip(^o) + 6{p 



^ e"'^-^™- j e~^^^ (4.5) 

Solving for the free energy, we find 

E ~ hI± + 6E (4.6) 

where 

SE = -^log J D5p> e~^^^ (4.7) 
Guided by Eq. (14. 6 p and also [3 [H [211 EIj we now define the energy of a probe 
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Dp-brane as 

E ^ Hi^l + 6E (4.8) 
The probe Dp-branes we will investigate will be parameterized by some coordinates 
t, x,6,(j) & C^, and will be either electrically((5) or magnetically(M) charged 

F = dA = Qdt Adx + MdO A dcj), (4.9) 
and also embedded in a classical SUGRA background, as in Figure 14.11 typically of the 
form 

dslQ = H'^dx''dx%b + HPdslf^_a, a,b = 0...d-l (4.10) 

sourced by 

F„+i(X'^) = rfC„(X^), ^Xn, 
H^{X^) = rfS2(X^), (4.11) 



SUGRA source 
of background: 




ds^^ = WdX^dX^ rj^^ + H'^dsl^_^ ^~'''^-~~^—y^O^-bvans: p spatial 

dimensions 



cydimensiDral 
Minkowski space 



Figure 4.1: A probe Dp-brane embedded in a SUGRA background. 



The two different embeddings we will investigate will each have the probe brane sitting 
right on the supergravity source, which will be the location of a singularity, and therefore, 
will correspond to IR calculations in the dual gauge theory. 

It is important to note here that d is the space-time dimension of the Minkowski 
space-time portion of the metric in Eq. f l4.10p . which will be the space-time dimension in 
which the fc-string will be embedded in the dual gauge theory. Also, X^ = X^(C") maps 
the world volume of the Dp-brane, as in Fig. 14.11 The bosonic supergravity coordinates 
of the Dp-brane, X^^ {("■), are therefore scalar fields on the Dp-brane, the field theory 
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dynamics governed by the Dp-brane action 

To find 'H(o) for a probe Dp-brane, we consider the action classically, defined by 0(o) = 
[321 [25]: 

4°^ = -^^P I d'^'Ce-^VM + /ip / 5^ a A e-^ (4.12) 
and investigate the specific classical solutionq^ = and = X^^-^, where only 
the gauge fields, A^^, have dynamics 

4°) = I <F^\ £W(A^),i^),Xfo)). (4.13) 
We next apply a Legendre transformation to this classical Dp-brane action, Eq. (14.121) . 
yielding the Hamiltonian density: 

?^(°)=D„A^S)-£(°), /^^ = ^ (4.14) 



OA'; 



\0) 

Minimization of this Hamiltonian density leads to [71 [8] 

H^l = I d'C ^!^L = ni (4.15) 
where L is a large distance in one of the p spatial coordinates. In the dual gauge 
theory, this corresponds to the large distance, L, between quark-antiquark pairs, as in 



figure 1.2(b) , and we interpret as the fc-string tension. 

The first quantum corrections are found by fiuctuating around the classical solution 
X^" = X^^^ + SX", A'" = A^) + M'", = + 56, (4.16) 
expanding out the action to second order in these fiuctuations 

Sp = + 6Sp[6X, d6X, d6A, 9, dQ] + 0{6^), (4.17) 
and constructing a formula analogous to Eq. (14. 7p 

SE = -^ J D6X j DSA j D6QD6Qe'^'^'' . (4.18) 



^ We will demonstrate that these truly are classical solutions in the next chapter, when we fluctuate 
around the proposed classical solution, and find that the resulting part of the action linear in the 
fluctuations vanishes, up to total derivatives. This is clearly seen for the fermionic solution, Eq. (|4.16p : 
the action, Eq. p.73p . being trivially quadratic to lowest order in the fermionic fluctuations, (59. 
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Through this procedure, we find the one loop corrections to the energy to be p!Ol [TT1, IT2] 

SE'--" ^ -'-^^ + 0. (4.19) 

where Pa is constant of L, and the first term is dual to the Liischer term for /c-strings in 
the d dimensional dual gauge theory. 

In the next few sections we will show explicit calculations of the /c-string tension in 
SUGRA backgrounds dual to 3 + 1 and 2 + 1 fc-strings. In the next chapter, we will show 
explicit calculations of the one loop quantum corrections. Let us first make a note on our 
method of demonstrating classical solutions of the Dp-brane action, Eq. fl3.73p . In the 
rest of this chapter, we will simply use known, classical solutions from the literature [TJ 

El [211 El [101 [m [12]. 

As the rest of this chapter is with respect to classical field theories, we will suppress 
all classical subscripts and superscripts, (0), for the remainder of this chapter. This is not 
to be confused with the subscript or superscript without parenthesis, whose meaning 
should be obvious when it occurs (usually as a tensor index, or indicating the value of 
a function at a specific space-time point). 

4.2 Duality with the Klebanov-Strassler Back- 
ground: fc-strings in 3+1 

In this section we will show the explicit calculation for 3 + 1 /c-string tensions using 
the supergravity dual theory of a D3-brane embedded in the type IIB supergravity 
background of Klebanov and Strassler(KS) [5]. We will first briefiy review the KS 
background, then quickly move on to the tension calculation. This section is a summary 
of work previously published in [TO] . 
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4.2.1 The Klebanov-Strassler Background 

In the Einstein frame, a type IIB supergravity source of M D5-branes and N 

D3-branes, characterized by the fields 
QsMa' 



Hs = dB2 

z 

Fi = 0, $ = 
Ma' 



F, 



dCo 



dCi 



d[f{T)g'Ag' + k{T)g'Ag' 



{/ Ag'Ag' + d[F{r) {g' A g' + g^ A g')] ] 



2^/2 



AgsM^a 



l{r) 



c8/3 



i^(r)2/i(r)2 sinh' r 



dx^ A dx^ A dx^ A dx^ A dr 



(4.20) 



with 



Co = 

gsMa' 



B 



Co 



2 

Ma' 



[f{r)g'Ag^ + k{T)g'Ag'] 



[2F(r)(^^ A^^ + / A /) + (cos sin ^1 sin 62 — cos 9i cos ^2)<^0i A d(j)2 



C4 



— cosipdOi A 6/6*2 + ^/'(sin 6^i(i6^i A d(f)i — sin 6'2(i6'2 A d(j)2) 

— sin sin 6id(f)i A dd2 + sin ip sin 6'2C?02 A d^^i] 

g8/3 



c/x° A rfx^ A dx'^ A dx^ + C(r^). 



(4.21) 



dsl 



,2^3]vf 2^^/234/3 

results in a background known as the Klebanov-Strassler (KS) background JSj: 

h-^/^{T)dx''dx^r]ab + /^^/^(r)^^^, a, 6 = 0, 1, 2, 3 

+ U? + (^?')'] sinh^ (0 ] (4.22) 
where the six dimensional metric ds\ is known as the deformed conifold. The coordinate 
r is the energy scale in the dual gauge theory, and the deformed conifold is equivalent 
to the conifold in the UV as shown in appendix O 



45 



The one- forms, g\ are 
1 



[ — sin ^ici^i — cos -0 sin ^2C^02 + sin ipd92\ , 



= — p [d9i — sin ip sin 6*2(^02 — cos ipd92] , 
v2 

51^ = — p [ — sin ^1^01 + cos t/j sin 92d(j)2 — sin ■?/'(i6'2] , 
v2 

g''^ = [(i^i + sin t/j sin ^2f^02 + cos '0c?^2] , 
V2 

— dip + cos ^ici^i + cos ^2C^02- 



(4.23) 



As we will be interested in the dual IR gauge theory, we expand the various functions 

in the KS background around r = 0: 
h{T) = 22/3e-8/3(^^Ma')' 



dy ' '"'\^~\ sinh(2y)-2y)V3 



K{t 

fir 
k{r 
F{t 
1{t 



1 

5 • 22/331/3 
^3 



sinh y 

h - ^0 2 , 
° 21/334/3// +•■■ 

(sinh(2r) - 2t)V3 
2^/3 sinhr 

r coth r — 1 , , . 

— — — (coshr — 1) = — + . . . 

2sinhT ^ ' 12 

T coth T — 1 , , , r 

— „ . , (coshr — 1) = — I h . . . 

2sinhT ^ ^ 3 180 

sinh T — T 
2 sinhr ~ 12 ^ ' ' ' ' 

/(r)(l-F(r)) + Mr)F(r) = ^ + ... 



(4.24) 



with 



ho 



V e4/3 

y coth y — 1 



1/3 



sinh^ y 



sinh(2|/)-2|/)^/^~ 0.71805 



(4.25) 
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4.2.2 The D3-brane Hamiltonian and /c- string Tensions 
in 3+1 

To calculate the d = 3 + 1 fc-string tension, we consider a solution of the classical 
action, Eq. ( KT2\i with p = 3 



S3 = -l^3 I d^Ce-^VM+fXs 



(4.26) 



for an electrically charged probe D3-brane sitting at r = 0, with world volume parame- 
ters C = (t, X, 9, 0), and in temporal gauge. At = 0: 

X = x\ x^, x^, 9i, 02, 01, 02, i', r) 
= (t, X, 0, 0, 9, 9, 0, —0, -0 = constant, 0) 

F = Ftxdt Adx = A^dt A dx 

6 = 

We expect this configuration to be dual to an SU{M) /c-string in ci = 3 + 1 in the IR. 
The constant i{j will be determined via minimization of the Hamiltonian. 
Plugging this solution into Eq. I4.23[ we calculate 

= -= [2 cos^ — sin 9 d(f) + sin ip d9] , 



scalar fields 
f/(l) gauge fields 
fermion fields 



(4.27) 
(4.28) 
(4.29) 



V2 



1 



9 



[2 cos —d9 — simp sin 6* (i0]. 



2 

= 0, (4.30) 
which along with the limiting behavior of the function in Eqs. I4.24[ are all that is 
necessary to calculate the pullbacks of the metric and the only non-vanishing field, C2 



dsDs = QabdCdC = K 
Ma' 



'/\-dt^ + dx^) + j-{d9' + sin^ 
R 



Co 



(-0 + sin -0) sin 9d9 A 



where the scalar curvature for gab is 



R = g^'^RM = g'^R^ 



bad 



9 "^pp^ ± 



bgsMa' ' 



R 



bed 



ra 
i 



bd,c 



ra _[_ "pa "pe 



(4.31) 
(4.32) 

(4.33) 
(4.34) 
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As Bab = on the D3-brane for our solution, we have 

J^^ = B2 + 2'naF 

= 2TiaFt^dt A dx. (4.35) 
On our way to calculating the dynamics for our classical probe D3-Brane with the 



D3-brane action, Eq. (I3.73P with p = 3, it is first helpful to construct 



Mab = gab + J^c 



ab 



-1/2 



27ra'Ff^ 







I 



V 







Isin^^ , 
R J 



With this, the D3-brane action becomes 

^3 = 



9. 



/is 



/, 1 / ^ / 4sin^6'\ 
+ /i3(27ra'Ft^)^^sin6'(^ + smip) 



dtdxC, 



(4.36) 



where in the last step, we have integrated out the trivial angular dependence: 

£ = -27ra'M/i3/io (^2b^/l - E^cos^ ^ - E^{ij + smiP)^ (4.37) 

= 27ra'^/h'oFt^. (4.38) 
We set the only component of the conjugate momentum of the gauge field to 



a constant value, D: 
solve for Ftx = 

Fix = Ax 



dC dC 

D = ^ ^ = — — = constant, 
dFtx dAx 



^_ i(^ + sinV;) 



2'Ka'hy^Jb^ cos4 I + - i(^ + sin V-))' 



(4.39) 
(4.40) 
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and apply the Legendre transformation, Eq. (14.141) . leaving us with the Hamiltonian 
density: 

^ = —^^Jb'cos^ (t) + f^- i(^ + sin^)V. (4.41) 



Minimizing with respect to ip gives the condition for the classical value for ip = ipQ. 

V^o- ^ = (&'-!) sin V^o (4.42) 

whereupon inserting this into Eq. (I4.4ip gives the minimized, classical Hamiltonian 
density: 

- ,4.43) 
Integrating this over the remaining spatial coordinate x results in the minimized 
classical energy 

E = I dxHr. 



= LHmin (4.44) 
where L is a large distance in the x-direction. 
Making the identification 

D = k-Y (4-45) 
and comparing the classical, minimized D3-brane energy, Eq. (I4.44p . with the fc-string 
energy, Eq. (II. 3p . we identity T-L with the fc-string tension, Tk 

Urmn = Tfc (4.46) 

If we are to make the approximation 6 1, as in [7], the constraint, Eq. (I4.42p . 
becomes 

AjTt 

V'o ~ 2— - TT (4.47) 
and we acquire an approximate sine law for the /c-string tension, Eq. (I4.46P 

Tfc~6Msin— . (4.48) 
If we are to solve for the tension exactly, we must solve the transcendental Eqs. (I4.42p 
and (14. 46 p . Fig. 14.21 compares this exact /c-string tension to both the sine law and 
Casimir law for various values of M, including the large M limit. Notice the expected 
phenomenon of A;-ality exhibited in all models: the /c-string tension vanishes for k = 
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and k = M. Also, notice how the Klebanov Strassler /c-string tension always lies in 
between the Casimir and Sine Laws, and that it approaches both simultaneously for 
small values of M. 

Summarizing this analysis, we found the gauge/gravity correspondence to mani- 
fest itself as a dual description between SU(M) /c-strings and D3-branes endowed with 
electric flux in the Klebanov- Strassler background. Our calculation found approximate 
agreement with the sine law and casimir laws for the /c-string tension. 

SU(2) k-string Tension SU(3) k-string Tension 




SU(IO) k-string Tension SU(M) k-string Tension for Large M 




Figure 4.2: Exact solutions for the Klebanov Strassler (KS) A;-string in units of the 
k — 1 tension, compared to the sine and Casimir laws. The large M plot was made for 
M = 300. Plots with M >> 300 look very nearly identical to this plot. The peaks for 
the /c-string tension in the large M limit are denoted on the y-axis. 
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4.3 Duality with the Cvetic, Gibbons, Lii, and 
Pope Background: A;-string Tension in 2 + 1 

The calculation in this section will parallel the calculation in the previous section. 
After briefly reviewing the background of Cvetic, Gibbons, Lii, and Pope (CGLP) [B], 
we will calculate the dual 2+1 fc-string tension. In 2 + 1, there is more to compare 
with in the lattice and Hamiltonian communities. We will see that the fc-string tension 
calculated as a supergravity dual of a D4-brane in the CGLP background aligns with 
the tension of antisymmetric quark representations of 2 + 1 /c-strings in both the lattice 
and Hamiltonian communities. This section is a summary of work previously published 
in [H]. 

4.3.1 Review of the CGLP Background 

In type IIA supergravity, a source of D2-branes and N coincident fractional D2- 
branes with fluxes [6], [8], [52] 

TTl TTl TTl 

H3 = dB2 = —a^uihdr A X2 + —h'^Uihdr A J2 + —ab^u^Xs, Ci = (4.49) 



F4 = dC-i = mg; 



ah^u^ eijk fi' hdr A Dfi^ A J" + a%'^U2X2 A J2 + ^fe^Wi J2 A J2 



+ 



+ A rfx^ A dx"^ A dH-^. (4.50) 

results in the CGLP Einstein frame solution 

dsl^ = H-^/^dx'^dx^r^^p + if^/^ds?, (4.51) 

= QsH^'^ (4.52) 

where 77^/3 is M^'^, and 

rfs? = fl^dr'' + a^{DiJi'f + l?d^ll], (4.53) 



1 
2 

where the radial coordinate, r = 1 to 00. 



X2 = -ei,klJ^Wfi' ADfx\ J2=ix'J\ X^ = dX2 = dJ2 (4.54) 



In the above, /, m, and Qs are constants, and a, 6, /i, Ui and H are functions of 
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r 0[8]. 

h^ = ^l_r-^y\ = ^r^^l-r-''), = (4.55) 

-3 = - - J(llZly/, Pir) (4.56) 

P(r) = r (4.57) 
-^1 VP - 1 

^(r) = ^ y p(2«2(p)n3(p) - 3us{p))dp. (4.58) 
The parameter / is similar to e in the deformed conifold [H [53l [5] . 
The differential element D/z* is 

D/i' = dp' + e^.kA'p^ (4.59) 
where the p* are coordinates on a unitless constrained to a unit S*^ surface, = 1. 
The A* are SU (2) Yang-Mills instanton one forms living on the 5*^ 

= cos tpdx + cos Odcp 
= cos sin X(i6' — cos x sin 6'(i0 

y4^ = cos?/' sinx sin 9 d(f) + cos xdO (4.60) 
and compose an anti-symmetric SU{2) Yang-Mills two form, J*, 

r = r-^e^eP = dA^ + U^^A^ A A\ (4.61) 

e"' = [di/), smil)dx, sin-i/^sinxc?^, sin sin x sin ^(i0) (4.62) 
which satisfies the algebra of the unit quaternions, 

JVJ'^ = -S''S7^ + ^\J'^,, (4.63) 
whose solution in terms of Eqs. f l4.60p and f l4.6ip is 

12 ~ 34 ~ 13 ~ 42 ~ 14 ~ 23 ~ (4.64) 

We now solve Eqs. ( I4.49P and f l4.50p for B2 and C3. In calculating B2, the identities 
in Eq. fl4.54p are very helpful. Using these, we solve for B2, up to a total derivative, to 
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be 



lB2 = m[ I fiiu)duj X2 + m\^J h{r)du ) 



f^{u) = a^{u)ui{u)h{u), f2{u) = b\u)u2{r)h{u). (4.65) 
Notice that this vanishes when r = 1. This will be important for our ensuing calculations 
as it is where we will position our probe D4-brane. We choose the following solution for 

C, = + ^^^{^)dn, + ^u,{r)b{rfa{r)%,^^^D^,^ A (4.66) 

i{ip) = / sin^ u du, dQi, = sin^ x sin 9 dx A d9 A d(f), (4.67) 
which is the same as that chosen in [8], up to a total derivative. 

The constant m is proportional to the number of stacked fractional D2-branes 
that the background describes, which is also the number of colors for the dual super- 
symmetric SU (N) gauge theory [$j . Using the Dirac quantization condition [8] 

F4 = STT^a'^/^iV, (4.68) 



I Si 

and the r — )■ 1 limiting behavior of F4 

3 71"^ 

F4 -dVLi H -rdx^ A dx^ A dx^ A dr. (4.69) 

8 iQgsU 

we can calculate the proportionality constant: m = Sna'^^'^ggN. 

Also, we must mention that there is another CGLP solution. To acquire the other 
solution, dVll can be substituted for a metric over C P^. We will work only with the 
4- sphere, dfl^. 

4.3.2 A Coordinate Transformation 

The CGLP metric, Eq. ( 14.511) . has a horizon at r = 1. When we apply the coordi- 
nate transformation 



r 



Vr-1. (4.70) 
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the horizon is now located at r = and the metric becomes 



fir) = (4.71) 



Notice that /(r) is finite as r — t- 0. Here are the expansions of all the aforementioned 
relevant functions in the r — limit: 

a{r{r))=r + 0{r'), 6(r(r)) = i=(l + r^), 



uMr)) = -\ + + 0{t% fir) = 1 + + 0(r 



ID ^ TD ^ 7 



/oo 

p(2m2(p)m3(p) - 3M3(p))t/p ^ 0.10693 . . . (4.72) 

One can use these expansions to show that B2 and C3 become, under the coordinate 

transformations Eq. (14. 70 p . 

777 

B2 = ~-^Tj2 + OiT') (4.73) 

^= = gM'irW + 8i: (^«'><'"' - A J'j + O(r'). (4.74) 



4.3.3 The D4-brane Hamiltonian and the 2+1 fc-string 
Tension 

We now outline the calculation of the CGLP fc-string tension originally presented 
in [S]. We use the version of the CGLP metric that was used there, which is conformally 
related to the Einstein Frame CGLP metric, Eq. (I4.5ip . by Gf^„ — )■ Hl^^G^y. 

ds^ = hI^\h-^/V, + H'/^'ds',) (4.75) 
which coincides with the string frame metric at r = 1 (r = 0)c. 

Considering the classical D4-brane action, Eq. fl4.12p with p = 4: 

S4 = -/i4 f d^Ce'^^VM + P4 /" (^Ci ATAT + C^AjA, (4.76) 



^The full string frame metric, ds"^ = H ^/^rfa;| + H^/^ds"^, was used in [TT] 
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we label the world volume coordinates of the probe D4-brane as 

C = (t,x,x,^,0), (4.77) 
and investigate the classical solution for an electrically charged D4-brane sitting at the 
source r = 0, in temporal gauge At = 0: 

= x\ ^, X, e, 0, ^^\ ii\ /i^, r) 

= (t,x,0,?/' = ^o,X,^, 0,0, 0,1,0) scalar fields (4.78) 

F = Ftr^dt Adx = A^dt A dx U (1) gauge fields (4.79) 

6 = fermion fields. (4.80) 

We again expect this to be dual to an IR /c-string. The 11 scalar fields, X'^, are 
really 10 independent scalar fields, as the /x* fields are constrained to (/i*)^ = 1. Direct 
substitution of this solution into Eqs. (14. 73 p . (I4.74p . and (I4.75p leads to the puUbacks 
to the D4-brane: 

B, = 0, Cs = Cf = |^e(^)rff]3. 



s 



dsl^ = gabdCdC = H^"\-de + dx^) + ^dnl (4.81) 
where the scalar curvature is 

i?= ^^csc'tZ-o. (4.82) 

Since i?2 = 0, J-" becomes simply 

i/i/sjp = Hl'^{2-Ka'F) = E^dtA dx (4.83) 
Now we have all the pieces necessary to calculate the D4-brane action. Proceeding 
as in the previous section, we simplify the D4-brane action, Eq. ( 14.76 p . by integrating 
over the angular coordinates x, 6', and (p: 

Si = I dtC, (4.84) 



a = — 1= , q = -pra (4.85) 

where L is the periodic length of the probe D4-brane's x-direction, which has been 
integrated out. Because of the periodicity in the gauge field F, the conjugate momentum 
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to is quantized to an integer k [8]: 




k. 



(4.86) 



Performing the Legendre transformation 




(4.87) 



we find the Hamiltonian density to be 



(4.88) 



Minimization with respect to ip = tpo resuhs in the condition 



^ = '^(^o) + 3— sin^ ^0 cos ^Jq 



(4.89) 



and the minimized Hamiltonian density 



T-Lmin = Tk = aN sin^ ^Jq J sin^ + (3a/ q)^ cos^ ^/jq 



a/q ^ 0.3083 



(4.90) 



where is the fc-string tension. Note that the parameter k is once again interpreted 
as the parameter k in /c-strings. The tension, Eq. ( ]4.90p . and minimization condition, 
Eq. (I4.89p . form a transcendental equation which can be solved numerically for given k 
and N. 

A similar calculation in the Maldacena-Nastase (MNa) background [51], leads one 
to a sine law 155]: 



Table 14.21 compares the tension calculated from the CGLP background Eq. fl4.90p to the 
sine- law, Eq. fl4.9ip . Casimir law, and various results from the lattice calculations and 
Hamiltonian formulation. 

Table 14.21 shows that CGLP fc-strings seem to be closely related to the anti- 
symmetric representation, as predicted, while at the same time, are closer to a Casimir 
law than a sine law. We also see that MNa fc-strings, which follow a sine law, seem to 
align better with the anti-symmetric representation than the symmetric representation. 
Following the work of Gomis and Passerini |56l [57] , one can expect certain backgrounds 
to be dual to /c-strings in particular representations. Further tension calculations, in 




T ~ sin — . 



(4.91) 



backgrounds, are necessary to test this. 



Table 4.2: Comparison of Tk/Tf from various methods. 



Group 


k 


CGLP 


MNa(Sine) 


Casimir 


lattice 


Karabah-Nair 


SUU) 


2 


1.310 


1.414 


1.333 


1.353(A) 
2.139(S) 


1.332(A) 
2.400(S) 


SU{5) 


2 


1.466 


1.618 


1.5 


1.528* 


1.529* 




9 




1 7'?9 
i . ( oz 


i .u 


1.617(A) 


1.601(A) 




2.190(S) 


2.286(S) 


SU{6) 










1.808(A) 


1.800(A) 




3 


1.744 


2.0 


1.8 


3.721(S) 


3.859(S) 












2.710(M) 


2.830(M) 




2 


1.674 


1.848 


1.714 


1.752* 


1.741* 


SU{8) 


3 


2.060 


2.414 


2.143 


2.174* 


2.177* 




4 


2.194 


2.613 


2.286 


2.366* 


2.322* 



Note: Tfc is A;-string tension and Ty is the fundamental string ten- 
sion, i.e., k = 1. CGLP data is calculated from the transcenden- 
tal Eqs. f l4.90p and f l4.89p . Sine and Casimir data is calculated from 
Eq. ([13]). Table from HI]. 



S = symmetric, calculated directly from [T^ . 
A = antisymmetric, calculated directly from [TU] . 
M = mixed, calculated directly from [T9] . 
* = antisymmetric, quoted directly from jl5j . 
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CHAPTER 5 

ONE LOOP CORRECTIONS TO THE K-STRING ENERGY 
VIA GAUGE/GRAVITY DUALITIES 

We now investigate the one loop quantum corrections to the Dp-brane energies 
found in Chapter |H We find these corrections to be dual to the Liischer term for k- 
strings in the IR of the corresponding gauge theory. In 2 + 1 space-time dimensions, we 
have lattice gauge theory data to compare with, where we find good agreement. 

5.1 Approximation Technique for the One Loop 
Energy 

Employing the same techniques as in [HI [TDl El EHl ES] , we will now fiuctuate 
around the classical solutions of the previous chapter and calculate the one loop correc- 
tions to the classical energy, defined in Eq. (14.181) . As this is a field theory of scalar 
fields, vector fields, and fermions, let us first continue our analysis started in section 14.11 
of the free energy of scalar field fluctuations, 6(p, now in p + 1 dimensions: 

SS = ^j dP+\{{V6iff + m^6if^) (5.1) 
whose equations of motion give 

= {-V^ + m^)6if 

= (-w^ +Pi + m'^)6(p 
=^ uj"^ = p1 . (5.2) 
Now, moving to imaginary time, t = ir, and Wick rotating to a Euclidean action 

^ \ I drd^C S^i-dl - + m^)S^ + surface term (5.3) 
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we can calculate the free energy of the fluctuations: 

5E = -^log j D5ipe-^^^ 



(5.4) 



Guided by our eventually goal of a gauge dual description of fc-strings, with fixed quark 
sources, we impose vanishing boundary conditions [iT f [T0 | [TT]: 

S(f = sin(n7rr//3) sin(?2i7rx"'^/Li) • ■ ■sm{np7rx^ /Lp), (5.5) 
where Pi = riiH / Li with no i sum, which allows us to perform the functional determinate: 



2/3 

—y\o 



(5.6) 



where we have identified cu^ = + m? from the equations of motion of the action, Eq. 
(15. 2p . Investigating large times /3, we take the continuum limit, Ylm / 

to 



= — a/w j du vT^^'^ \og{uuj + u) 



- — (mw + w 
ov 



where we have used 



1 ^ -I 

logx = — 7:— X 

av 



u=0- 



(5.7) 
(5.8) 



Moving djdv out of the integral, we calculate 



6E 



1 



dv 



v=0 



d_ 

dv 



y 
-E 

47r ^ 



du- 



U2 



{u + iy. 



v=0 



J v=0 



(5.9) 
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where we have used the regularization procedure (see App. 



1 



B{x,y)= du Re(a;) > 0, Re(?/) > 0, 

Jo [u + ir^y 

^B(.,y) = ™\. (5.10) 

r(x + y) 

We see that the free energy of the scalar field fluctuations is given by the canonical 
formula for the free energy of a harmonic oscillator. 

Motivated by this calculation, and inspired by [ITJ EQl [581 EH] , we define the energy 
of one loop corrections to the D-brane energy, Eq. fl4.18p . as: 

6E = 6Eb + SEf 

where the u^s (w/'s) are the eigenmodes of the equations of motion of the fluctuations 
6X and 6 A (56): 

X^" = X^^^ + SX", A"" = A'^Q^ + SA'^, 6 = + 56, 
derived from 6Sp: the fluctuation of the Dp-brane action, Eq. (I3.73p . from its classical 
value, Eq. (KWf : 

Sp = Sf+6Sp + 0{6^), giZD 
where SSp splits up into its bosonic and fermionic parts: 

6Sp = 55j[5X, d6X, 86 A] + 55/ [56, 956]. (5.12) 
The topology of the Dp-branes we will investigate is R^'^ x S*^"^, and in both cases 
we will find bosonic eigenmodes, derived from 6S^, of the form: 



cu = ^pl + m^ + fip^,np.2) (5.13) 
where m is the mass of the oscillation and f{px,^lp-2) is a function of px = nir/L, the 
momentum along the spatial R^'^ direction, and fip_2, the degrees of freedom associated 
with the S'P"^. As we expect the propagator for massive modes to be exponentially 
suppressed by a factor e~"^^ , we do not expect massive modes to contribute to the 
Liischer term for large quark separation L flU{ [TT] . Our calculation for the one loop 
bosonic energy will support this claim. Based on this, we will assume that the fermionic 
one loop energy will not contribute to the Liischer term, as all fermionic eigenmodes. 
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derived from 6S^, are all found to be massive. 

We proceed to find the form of the bosonic and fermionic actions for the fluctua- 
tions, Eq. f l5.12p . their resulting equations of motion, their eigenmodes, and finally, the 
energy of the fluctuations. Section 15.21 summarizes this calculation for a probe D3-brane 
(p = 3) in the KS background, which is dual to a = 3 + 1 fc-string. Section 15.31 sum- 
marizes the calculation of a probe D4-brane {p = 4) in the CGLP background, which 
is dual to a (i = 2 + 1 /c-string. The calculations are given explicitly in appendices |D] 
and [El both of which can be written succinctly in the formula: 

SE{d,p) = -^^^^^^ + P'. » 
where is constant with respect to large quark separation L. Putting this together 
with Eq. (14. Sp . we find the total energy for a Dp-brane embedded in a supergravity 
background takes the form 

E{k, d,p) = T,L + + + (5.14) 

for large L. This is the same form the energy for A;-strings takes, Eq. ( II. 3p . supporting 
our proposed correspondence, Eq. (II. 6p . The next two sections summarize the one loop 
energy calculations from the explicit calculations given in App. [Dl 

5.2 One Loop Energy of a D3-brane in the KS 
Background 

We now discuss fluctuations of the classical D3-brane solution in the KS back- 
ground. We first discuss fluctuations of the bosons about the classical solution, Eqs. 
(I4.27P and (I4.28p . and then we discuss fluctuations of the fermions about the classical 
solution, Eq. (I4.29p . This section is a summary of work previously published in p^ . 

5.2.1 Bosonic Fluctuations 

Keeping the D3-brane parametrization in Eq. (14.270 held fixed to: 

xo = t, x^ = x, ep = ]^{e^ + e2) = e, 0^ = 1 (</>!- 0^) = </., (5.15) 
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we fluctuate the remaining bosonic fields in the following way 

6„ 



2'"" 2 
= 6X\ = 6X^ 

ijj = tjjQ + 5i), T = To + 5t, 

F = Ft^dt Adx + daSAbdC A dC^ 
leading to the bosonic part of the fluctuation of the D3-brane action 



(5.16) 



6S', = - I d\^|^)[cx J2 ^"^X'Va^X' + CA 

1=2,3 



1 



167r 



+ 



+ c^iV^rVa^r + m^5r2 + - m"^] (5.17) 

+ Total Derivatives I . 

Here we notice that the linear fluctuations vanish, up to total derivatives, signifying 
that we are truly fluctuating around a classical solution. The covariant derivative, Va, 
is with respect to an effective metric, g^^^\ on the D3-brane 



ds' = g'2^"'dCdC = gxx{-dr + dx') + -{dO' + sin' ed<p'). (5.18) 

R 

The Euler-Lagrange equations for the bosonic fields derived from the action, Eq. fl5.17p . 
take the form: 



V'5X' = 0, 



2,3 



V^6t - ml6T + CSC e6Fe, 



2Cr 







(5.19) 
(5.20) 

(5.21) 



V'SFab - Anjh = 0. (5.22) 
In Eq. (I5.2ip . we see the field = Stp + 2 cos 96(f)p is tachyonic. This is remedied by the 
gauge fixing procedure for 6Aa described in App. ID.1.21 After this and then solving the 
rest of the equations with Eqs. flD.25p . flD.26p . (ID.27p . and flD.36p . the problem reduces 
to the eigenvalue problem 
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where 



X3 







w| 



u)l 







-sa^xQrif VK' + i) 



\^ -5^xQr^v'K' + l) 



-I- 

X3 



^i=Px + 9xxm^ and ^3 = + fi'xx77^(^ + !)• 



The six eigenvalues of Eq. fl5.23p are 



pI + gxxm% 



< ^2 



where 



/^|(^ V'o 



Px + 9xx^l{l + 1) 3-fold degenerate 



p^ + /i|(/,7/'o) 



^7xx|/(/ + l)(l + /±(/,V^o) >0, 



/i(V^o) 



l±Wl + 4^^(/ + l) 



/f(V^o) 



(5.23) 



(5.24) 



(5.25) 



(5.26) 



The effective mass fi'^{l,ipo) is greater than zero except in the case //?_(/ = Ojipo) = 0. 
The energy of these bosonic fluctuations is calculated in App. ID.1.3l to be 

SE, = - <^^i|^ + ft' (5.27) 



24L 

where for the present case of a D3-brane in the KS background, p = 3 and d = 4. The 



term 



(d+p-3)7r 
24L 



is due to the massless modes, and we identify it with the Liischer term 



for a /c-string in = 3 + 1. The function (3^ = f3^{k, M), given by Eq. ( ID. 471) . is due to 
the massive modes and is constant of large quark separation L. 
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5.2.2 Fermionic Fluctuations 

Fluctuating around the classical solution = + 5Q of the probe D3-brane, the 

action for fermionic fluctuations in Eq. (15.121) becomes: 

SS^^ =J^f dWMSeiiM^^y^Tadb + Ml + M2 + M3]6Q (5.28) 
J 

which easily gives the Euler-Lagrange equations: 

[{M-'y'Tadb + Ml + M2 + M3]5e = 0. (5.29) 
The mass matrices, Mi, M2, and M3, are found in Eqs. (IE.23p . (IE. 24 p . and (IE.25p . and 
we see that all the fermionic fields are massive. In App. IE. 21 we show how Eq. (I5.29P 
can be simplified to the eigenvalue problem 

coQ^ = n[^%^ (5.30) 

a;02 = Hi^%2 (5.31) 
where Gj are eight component spinors acted on by the 8x8 matrices 'HI^\ Eqs. flE.5ip 
and (IE.52p . which have the same, eight massive eigenmodes 



OJ = < 



(5.32) 



±a/cio(p, /) - a/c8(p, /) ± y/c^ip, I) 
Regular izat ion of these eigenmodes proves to be quite a monumental task. As 

they are massive, we do not expect them to contribute to the Liischer term as the 

propagators for modes of mass m go as e~™"^ [TOl [TT| . In fact, we found in the detailed 

analysis of section [5.2.1l that the massive bosons in the KS background contributed only 

a constant energy at large L. From this evidence, we estimate that these fermions, upon 

regularization, will contribute such a constant to the KS one loop energy. We find then 



the total one loop energy of D3-brane in the KS background to be 



5E{d,p) 



TT{d + p — 3) 
2AL 



(5.33) 



with d = 4 and p = 3, and where is the sum of the bosonic constant energy, given by 
Eq. flD.47p . and the contribution of the fermions. 
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5.3 One Loop Energy of a D4-brane in the 
CGLP Background 

In a parallel calculation to the one in the previous section, we now discuss fluc- 
tuations of the classical D4-brane solution in the CGLP background. We flrst discuss 
fluctuations of the bosons about the classical solution, Eqs. (14.781) and (14. 79 p . and then 
we discuss fluctuations of the fermions about the classical solution, Eq. (I4.80p . This 
section is a summary of work previously published in [TT] . 



5.3.1 Bosonic Fluctuations 

As shown explicitly in App. ID. 21 the fluctuations 

x\O = + 6x\O, V^(C) = ^o + 5V^(C), 

r(C) = ro + MC), ^XC) = /^i, + 5/x^(C), 
E 



2na'H, 



— TTTrrft Adx + daSAhdC A dC 



(5.34) 



lead to the action for bosonic fluctuations of a D4-brane in the CGLP background: 



bS\ = - J y'^^d^t(^(^rf^c|cxV„5x2V"(5x2 + 



+ 



+ Cr [VaSrVSr + mUx, e)Sr^] + ca 



167r 



+ 



+total derivatives 



(5.35) 



noticing that as in the KS calculation, the linear fluctuations vanish, up to total deriva- 
tives, signifying that we are truly fluctuating around a classical solution. The covariant 
derivative, V„, i. with respect to an eflective metric, g'f\ on the D4-bra„e 



Qxx ^ 



(5.36) 



where R is the same scalar curvature, Eq. (I4.82p . as the induced metric. 

The equations of motion of the action, Eq. (I5.35p . are quite difficult to solve. To 
simplify the problem, we recall the important physical features that were found for a D3- 
brane in the KS background in section [D.1.31 |10j . There we found the massless modes. 
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from which the Liischer term was derived, to be independent of the angular degrees of 
freedom. Inspired by these results, we propose that in the current case of a D4-brane in 
the CGLP background, we can integrate out the spherical degrees of freedom, x, 6*, and 
0, and still have the same number of massless modes as before and as a result, the same 
Liischer term as would be calculated from the full five dimensional theory. 

To proceed with this integration, we consider the fluctuations to be independent 
of the S'^ variables, 

dX^" = 6X^{t, x), 6Aa = 6Aa{t, x) (5.37) 
and we integrate out the from the action, Eq. (15.351) . This results in an effective 
action 



6Sl^fj = -V3 J dt rfxjcxVm^x^V^^x^ + 
+ Cr [V^^rV^^r + ml^6T^] + ca 



+ 



Ca 



+ total derivatives J , 
whose equations of motion are 

(-a,2 + dl)5x' = 

which have the following eigenmodes 

4 fold degenerate 



+ 

(5.38) 

(5.39) 
(5.40) 

(5.41) 
(5.42) 
(5.43) 



+ mi 



(5.44) 
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The calculation for the one loop correction to the bosonic A;-string energy, 6E1,, fol- 
lows similarly to the KS calculation in App. flD.1.3|) : the result for large quark separation 
L being 

SE, = -^-^^^^ - \{mre + m,) (5.45) 
where p = 4, = 3, and the Liischer term is ^'^"^^^"^-'^ ~ 'which is the same as the 
expected value, as increases, for lattice calculations done in [15]. We see that the 
Liischer term is composed of — 2 = 1 massless mode, and p — 1 = 3 massless 
modes, 5Ai. This results in the same formula for d and p that we found in the KS case, 
Eq. (IE27D. 

5.3.2 Fermionic Fluctuations 

As in the previous section, we investigate S"^ independent solutions for the fluctu- 
ations about the classical solution 

e = + 5e(t,x) (5.46) 
which after integrating out the spherical degrees of freedom results is the effective action 
for fermionic fluctuations: 

5Sijf oc j dtdx5eT'^^{{M-^r''Tmdn + Mf)5e, m,n = t, x. (5.47) 
where the mass matrix, Mf, is given by Eq. (]E.69|) . The Euler equations of this effective 
action can be solved by Fourier transform; 

rD4(^(A^"'r"r„p„ + M^)5e = 0, m,n = t,x pt = -oo, = p, (5.48) 
and, after using the constraint, Eq. flE.lOp . can be reorganized into sixteen equations 



cj6Q = Hf6Q (5.49) 
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where Hf is the 16 x 16 matrix in Eq. (IE.74|) . with massive eigenmodes: 



CO = ±a/p^ + «1 ± ^2 



(5.50) 



(5.51) 



< 



(5.52) 



±V"7(p) -a5(p) ±"6 (P) 



V 



From the regularization procedure used in App. IA.2.1t we see that the first two 
sets of fermionic eigenmodes, eq. fl5.5Up and eq. fl5.5ip . will contribute a constant to 
the fermionic energy. The remaining eigenmodes, Eq. fl5.52p . prove to be very difficult 
to regulate from their very complicated p-dependence. We assume that they will not 
contribute to the Liischer term, as they are massive, and the propagators will go as 
g-mL^ m being the mass of the eigenmode and L the large quark separation. This leaves 
us with the same, succinct formula for the one loop corrections to the D4-brane energy 
in the CGLP background, as was found in the KS case, Eq. (15.330 . where now d = 3, 
p = 4, and f3'^ = includes both bosonic and fermionic contributions, independent of 
large quark separation, L. 
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CONCLUSION 



Superstring theory allows for an attempt at unifying gravity with the gauge forces, 
strong and electroweak. Gauge/gravity dualities from superstring theory have been 
found to be useful tools to make gauge theory calculations, most notably applicable in the 
low energy regime. It is interesting to see how close gauge theory calculations from these 
gauge/gravity dualities can come to more direct methods of gauge theory calculations. 
In this thesis, specific gauge theory objects, known as /c-strings were investigated. These 
are colorless combinations of strongly coupled quark- antiquark pairs which give rise to 
flux tubes of gauge flux. The most common calculation of this conflguration found in 
the literature is the energy, which consists of a tension term, T^L, and a Coulombic 
a/L correction, where L is the length between quark- antiquark pairs. Lattice gauge 
theory, direct Hamiltonian analysis, and string theory using gauge/gravity dualities are 
methods used to calculate the energy of /c-strings. 

This thesis reviewed string theory, how gauge/gravity dualities emerge from string 
theory, and how they can be used to calculate the /c-string tension and make a direct 
comparison with lattice gauge theory and Hamiltonian results. Specifically, the objects 
dual to /c-strings are Dp-branes embedded in confining supergravity backgrounds from 
low energy superstring theories. Branes embedded into two different backgrounds were 
investigated in detail: a D3-brane embedded in the Klebanov Strassler (KS) background, 
which a dual to a 3 -|- 1 /c-string, and a D4-brane embedded in the Cvetic, Gibbons, Lii, 
and Pope (CGLP) background, which is dual to a 2 -|- 1 fc-string. 

In the KS case, the tension term was found to interpolate nicely between the 
competing models in lattice gauge theory and Hamiltonian methods: the sine law and 
Casimir law. We were able to briefly touch on the problem of quark representations in 
the CGLP case. We found, by direct comparison to tension calculations in lattice gauge 
theory and Hamiltonian methods, that a D4-brane in the CGLP background was more 
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likely dual to an anti-symmetric /c-string representation. Both the tensions found in the 
KS and CGLP cases were of classical calculations on the supergravity side. 

The main result of this thesis was to go beyond these classical energy calculations 
on the string theory side, and calculate the one loop quantum corrections, which were 
found to be dual to the Liischer term on the gauge theory side. A succinct formula 
for the Liischer term was found in both cases, KS and CGLP, which in the 2 + 1 case 
reproduced the expected value, as N increases, from a lattice gauge theory calculation. 
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APPENDIX A 
REGULARIZATION OF INFINITE SUMS 



A.l The Riemann Zeta Function 

The Riemann zeta Function is defined as [61] 

oo 

as) = Y,n-' Re{s)>l, (A.l) 

n=l 

where Re(s) stand for the real part of s. Through analytic continuation, one can define 
the C-function to have finite values for all Re(s) 7^ 1. An example, particularly useful 
for Eq. fl37[D . is 

C(-l) = (A.2) 
which we can use to regulate the associated infinite sum by replacing it with the zeta 
function: 

00 -. 

n=l 

Let us proceed to explicitly calculate the analytic continuation of the Riemann 



zeta function to values for Re(s) < 1. Consider 136) 



/•oo ^ 

r(.)c(.)= / dtf-'e-'J2. 

-^0 n=l 

POO ^ 

/ Vrft t"-ie-*n-" Re(s) > 1, 
-^0 n=l 

it, and reorganize tht 

/•oo ^ 

T{s)as)= / dtf-'J2e 

n=l 



(A.4) 



apply the coordinate shift t — )■ nt, and reorganize the result: 

00 

-nt 



00 

s-1 



1-e- 



00 +s— 1 



rft4^ (A.5) 
e* — 1 

This leads us to the integral representation of the Riemann zeta function [6IJ: 

-| poo f^~^ 



r s 
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We wish to pull out the pole structure of Eq. (IA.5|) . As it will soon be shown 



the poles in this integral come from the interval < t < 1 and so we first break up the 
integral 



1 t'^~^ r°° t'^~^ 



e* - 1 e* - 1 



T{s)C{s) = I dt-^ + / dt^^ (A.7) 



Looking at the power expansion 



1 1 1 t 

+ - 77^ + • • • . (A.8) 



e* - 1 t 2 ' 12 120 
we add and subtract these first few terms from the left integrand in Eq. flA.7p . 



^ ^ Jq \e'-l t 2 12 120y Jq \t 2 12 120/ 

fOO J.S—1 



t 

Rearranging, we acquire 

r(s)C(s) = his) + his) + dt f-' 11-1 + -- — ], (A.IO) 



^ 'lit 







t 2 12 120 



where 



t' 

and for Re(s) > 1, we can perform the integrals leading to yet another representation of 



his) = I dt-^, (A.12) 



(is), still precisely equivalent to the other two: Eqs. f lA.l|) and (1A.6P : 



^(^^ " ('^^^) + 7^ - ^ + 12(7^ - 12^^ 

Re(s) > 1. (A.13) 
Now as (is) is not yet defined for Re(s) < 1, we are free to analytically continue 
its definition to Eq. (1X13|) for Re(s) > -4: 

" ('^^^) + ^ - i + 12(^ - 120^ 
Re(s) > -4. (A. 14) 

The key point here is that for Re(s) > 1, (is) can be given by either Eq. flA.ip or 
Eq. (lA.lSp . but for —4 < Re(s) < 1, (is) is only regular when defined by Eq. (lA.14p . 
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We must be sure to understand that 

oo 

((s)^^n~^ Re(s)<l. (A.15) 

n=l 

but instead we can replace the infinite sum with its associated zeta function, calhng the 
procedure regularization: 

oo 

J]n-^->C(s) (A.16) 

n=l 

where for Re(s) > —4, the definition of ({s) is given by Eq. ( 1A.14I) . To analytically 
continue to more negative values of Re(s), we must merely include more terms from the 
expansion, Eq. (lA.Sp . in Eq. flA.9l) . 

Looking at Eq. ( 1A.14I) . we see that we still must define what we mean by r(s) 
when Re(s) < 0. By the same techniques that gave us Eq. (1A.10|) from Eq. (1A.9I) . we 
find 

/■oo 

r(s) = dt f-^e-' 
Jo 

= I,{s) + h{s) + y2^^^ Re{s)>0 (A.17) 

^-^ nl s + n 

n=0 

where 

3 . 



his)= / dtf-^[e-^-J2'-^\ (A.18) 



nl 

n=0 



oo 



I^{s) = J dt f-^e-' (A.19) 
We notice, similar to before, that /3(s) is finite for Re(s) > —4 and Ia{s) is finite 
for all s, allowing us to analytically continue T{s) to the region Re(s) > —4: 

r(s) = h{s) + h{s) + V Re(s) > -4 (A.20) 

Now that we have all the tools necessary, let's calculate an example: the previously 
stated value 

C(-l) = (A.21) 
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From Eqs. (IA.14|) and (IA.20|) we can calculate the limit 
C(-l) = lim^ ^C(^) 



lim 

s-s>-l 



lim 



12(s+l) 120(s+3)- 



lim 



(s + ms) 


s+l 


s+l 


12(s+l) 


120(s+3) 


(. + i)(/i(.)+/2(.)) + f±i-^ + 


(-1)" 1 \ 
nl s+n' 
s+l 


s+l 


12(s+l) 


120{s+3) 



-1 (s + l)ihis) + his)) + ^ 



+1 _L -{s+l) _^ s+l 



-(^+1) 

s+l ' 2!(s+2) ' 3!(s+3) 



C(-1) = -T7T 



0+^ 

0-1 
1 

12 



(A.22) 



which allows us to regularize the sum as in Eq. f lA.3|) . We can apply this same regular- 
ization procedure to the following sums: 

^ (A.23) 



El^C(0) = -- 

n=l 

oo 

5^n-^^C(s) = 0, s=-2,-4,-6,... 

n=l 

oo ^ 

' 120 

n=l 

oo ^ 

r -> — . 

^ 9ZL 



(A.24) 
(A.25) 
(A.26) 



As a final note, the Riemann zeta function, analytically continued to the entire complex 



plane, s G C, has a single pole at s = 1, around which it has the expansion [61 



1 



s - 1 



+ 7 + 7i(s-l)+72(s-l)2 + ... 



7fc = lim 

_v=l 

where 7 ~ 0.577216, Euler's constant. 



(log v) 



k+ 1 



(logn 



,k+l 



(A.27) 
(A.28) 
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A. 2 Regularization of Infinite Sums Using the 
Riemann zeta Function 

We now show a few examples of regularization of infinite sums, pertinent to this 
thesis. 

A.2.1 Massive Modes 

Here we apply the regularization methods of flU\ [TT] for infinite sums resulting from 
massive modes, generally of the form: 

00/22 \— s 00/ /\2\^* 

We do this in two distinct ways, showing that, in the large L limit and at least in 
the case of interest, s = —1/2, both schemes give 

n=l ^ ^ 

Our first method is as in [101 [H] where we use a cutoff {^} which is the largest integer 
less than ^: 

TT 

where the right hand side may now be expanded in a binomial series for all s G C: 



{^} / / x2\ {^} 



s\ / TT \ 



00 / \ / \ -~2q 00 



= (A.32) 
In this calculation, we have used (^-function regularization, and the approximation 
{^} — ^ 00, corresponding to large L quark separation. 
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Next, we show the equivalence, in the large L limit, between this result and that 



found using the regularization scheme from [601 [H]- First, we split the sum up 

\ I I / TT \ A.S I / I ( I \ ^ 



E 

n=l 



L2 



+ /i 



1 -2s 1 

r +2 



n 



"2" 



-2s 



Y,n'---K^_.{2niiL) + 



n=l 



and regulate by dropping the last terno. Taking the large L limit then gives us 



+ 



-2s+l 



2 v^r(s) 



T s- 



(A.33) 



OO / 9 9 



n=l 



L2 



-2s 



1 - 2 



-1 oo 



Vis) 



2/iL 



n=l 



n=l 
-2nfj,L 



(A.34) 



The sum in Eq. (1A.34I) is exponentially suppressed even without further regularization 
in the large L limit and for the case of interest s = —1/2, where we recover the same 
result as with the cut off method, Eq. (IA.32p . 



A. 2. 2 Regularization of Two Sphere Eigenmodes 

As our next example, we regularize the following infinite sum 

oo 

f^{s) ^ 5^(2/ + 1) [/(/ + 1)]-^ = 2/c(s; 1, 1, 0) + 1, 0, 0) (A.35) 
1=1 

where [6T] 

oo 

1=1 

The function /((s; a, b, c) can be regularized using a binomial expansion and the Riemann 
zeta function to 



fc{s-a,b,c) -^l^^^y^ 

u=0 ' ^ 



s — u + c) 



C(2s + z/-6-c)-5^r 



2s-u+b+c 



1=1 



+ 



(A.37) 



1=1 



where the cutoff [a] is the integer part of a. We use this to regularize the sum, Eq. (1A.35I) . 



^This term diverges in the case of interest, the s — > —1/2 Umit. However, it was argued in [60| that 
this term could be subtracted off as a Casimir energy. 
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for s G 



r(i - s 



^f(^) ^ E ^,r(|_,_^) (2C(2s + + C(2s + z/) - 3) + 3 ■ 2- 



2 E 



r(i-.)c(z/) 



(u - 



r(i-s)CW 



^ (z/ + 1 - 2s)!r(s - u) (u - 2.)!r(l + S-U 

T{l-s) 



+ 2C(2s- 1) + 3 



^ z/!r(l - s - z/) 

, r(i-s) 

Z/+ 1 -2s)!r(s - z/) (z/-2s)!r(l + s-z/) 

r(i-.) 



2r(i - s) 



u=0 



u\T{l - s - z/) 



^ r(i-.) (z.-i)c(z/) 

^ (z/ + 1 - 2s)!r(l + s - z/) 



+ 2C(2s- 1) + 3 



E 



r(i-.) 



z/!r(l - s - z/) 



E 



r(i-s) (^-i)CM 



+ 2C(2s- 1) + 3 



z/ + 1 - 2s)!r(l + s - z/) Vl'^ + 1 - 2s)!r(l + S-U 



T{l-s) (z/-l)C(z/) 



2-" - 



E 

u=0 



T{l-s) 



z/!r(l -s-u) 



(A.38) 



The second term, with z/ = 1, is only there for s < |. In this term, the factor {u — 1) 

cancels with the pole in the expansion of Ci^)^ Eq. (IA.27p . leaving us with: 

r(l - (z. - l)C(z.) T{l-s) 



fds)^- E 



u=2s,uj^l 

+ 2C(2s- 1) + 3 
This formula is particularly useful 



z/ + l-2s)!r(l + s-z/) (2-2s)!r(s) 

r(i - s) 



E 

u=0 



z/!r(l -s-u) 



(A.39) 



or s = — the sum over spherical eigenmodes. 
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where we have [TO 



/c - 



- E 



r(|)(^-i)CM r(| 



h2C(-2) + 3 



u + 2)\Ta-u) 3!r(-i) 



°° r(|) 



2c(-i) + lc(0)-f "^'^ (.-i)C(^) 1 



[z^ + 2)!r(, 



+ 3(72-72] 



1 1 

6 ~ 8 



r 



(0.0170335) 



24 



^ -0.265096 (A.40) 
We can extend this regularization method to more comphcated infinite sums as in 
Eq. ( ]D.45P where we have a sum of the form 

oo 

~g^{s) ^ 5^(2/ + !)[/(/ + 1)]-[1 + (A.41) 



1=1 



f±{l) 



h 



i±^/i + ^/(/ + i) 



(A.42) 



for s = — |, and where /2 and /i are constant with respect to I. We consider only 
cases as in the KS calculation, Figs. ID. 31 and ID.2t where /_(/) < 1 for all / > 1, but 
/+(1) > 1 definitely only for / > 1. After a series of careful binomial expansions, and a 
zeta function regularization, as in Eq. (lA.38p . we find for s = — |: 



g± 



■w=0 q=0 ra=0 



n 



w—2n 



fd 



w — n — 



w 



{2q)\T{w + l-2q) 



w=l q=0 



Til-w) {2q+l)\T{w-2q) 



(A.43) 
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with 



<?-ra+i r ^ 



^Zorj)[^) fdw + n-q-l)+ 



^{//} (2;+i) 

[Z(«+l)]"'+"-'?-i 



+ 



and 



1^1=1 

2V2(vTTA(i)-E:r=od)/r(i)) /+(i)>o 

/+(1) < 0, 



/i_ = 0, 



where {//} is the largest integer less than // = ^ ^— 1 + \Jl + • 



(A.44) 



(A.45) 



(A.46) 
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APPENDIX B 
ANTI-DE SITTER SPACE 



This appendix is based on a summary found in [1] . Anti-de Sitter space of dimen- 
sion d (AdSd) is defined by the hyperboloid: 

- {X~y - {Xy + + ■■■ + (X'^-2)2 + (X'^-i)2 = (B.l) 

embedded in 

ds^ = -{dX-y - {dXy + {dXy + ■■■ + {dX'^-y + {dX'^-y (B.2) 
where the constant L is known as the AdS radius [1]. 

We shall henceforth use the following simplifier notation: 

= x,x' = -{xy + {xy + ■■■ + {x'^-y 
dx^ = dXidx' = -{dxy + {dxy + ■■■ + {dx'^^y 

which casts the defining Eqs. fIB.ll) and flB.2p for AdSd space into: 

-L^ = -{X^y + X"" + {X'^-y (B.3) 

rfs' = -{dX-y + dX^ + {dX'^-y (B.4) 
We now set out to find the form of the AdSd metric, which is given by the in- 
tersection of the embedding metric, Eq. (]B.4|) . with the hyperboloid, Eq. (IB.Sp . This 
computation is made easier if we change coordinates to: 

r = X-^+ X^-i 

. X'L 

X = 

r 

q = X^^ - X"^-^ (B.5) 
This coordinate change casts the hyperboloid, Eq. (1B.3I) . into the form: 

q = — + ^x^ (B.6) 
giving for the differential element dq: 

dq = -dr + 2—Xidx' + —dr. (B.7) 



r 



L2 ' L2 



Applying the coordinate change, Eq. flB.51) . to the embedding metric, Eq. flB.4p . 
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we have: 

ds"" = -{dX-^f + {dX'^-^f + dX' 

2 

-dr dq + I —dr + —dx^ 

2 2 
^Xj 7^ 

= -dr dq + —dr^ + —dx^ + 2—Xidx'dr (B.8) 

L"' L"' 

whereupon plugging Eq. (IB.7P in for the differential element dq leaves us with the com- 
mon form for the AdSd metric: 

ds^ = —dr^ + ^dx'^ (B.9) 
Switching variables again to 2; = ^ gives another very common form of the AdSd metric: 

ds^ = ^ {dx^ + dz") (B.IO) 
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APPENDIX C 
THE CONIFOLD AND THE DEFORMED CONIFOLD 



C.l The Conifold 

The conifold is described in four dimensional complex space by: 

4 
i=l 

and is said to have a singularity where all Zi = 0. The conifold's base is given by its 
intersection with a real eight-sphere [53]: 

4 

\zi\'^ = constant (C.2) 

i=l 

One such base that result from this intersection is the Einstein manifold T^'^, which 
is topologically equivalent to S"^ x [33] • The Einstein metric for the T^'^ is: 

dsl = l{9r + li2{9r (C.3) 

i=l 

where the 1-forms, g'^ are [ini E] 

= —= [— sin 6id(f)i — cos i/j sin ^2'^02 + sin iljdd2] 
v2 

g^ = —^[d9i — sinip sin6'2(i02 ~ cosipd92] 
v2 

g^ = —= [— sin Qxd<\)x + cos ■?/' sin 6*2(^02 — sin ?/'(i6'2] 

g'^ = — ;= [^6*1 + sin ijj sin 6*2^02 + cos 'iljd92] 
v2 

= dl/j + COS 6'iC/0i + COS 6*2(^02 (OHil 

and the coordinates have the ranges: < < vr, < 0j < 27r, and < ip < Att |53j . 
Augmenting the base with the "height" direction, r, the full metric for our conifold 
is [53] : 

dsl = dr^ + r^dsl (C.4) 



Figure C.l (a) shows how one can think about a conifold as a generalization of a three 
dimensional pyramid, homeomorphic to a cone. One edge of the base is thought of as 
an and the other edge as an 5*^. The base of the conifold, then, is topologically S*^ 
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Singularit}' at ^ 
r = 




Singularit)' at T = 
smoothed to size e 




(a) The conifold has a singular tip in both 
the and the S'^ vanish there. 



(b) The tip of the deformed conifold is 
singular only the in the direction: the 
is "blown up" to size e here. 



Figure C.l: The conifold and deformed conifold both have a base which is an 5*^ x 
S^. The main difference is at the tip: the conifold is singular in both the 5*^ and S"^ 
directions, where as the deformed conifold is only singular in the S"^ direction. 



X S"^. The tip of the pyramid corresponds to r = in the conifold, where a singularity 
exists as both the and the S"^ shrink to zero size [62]. 



C.2 The Deformed Conifold 

The Klebanov-Strassler background actually arises from the deformed conifold. 
The conifold is deformed by "blowing up" the tip to size e: 

E-f = e^ (C.5) 



smoothing out the singularity as depicted in Fig. C.l(b) [5]. The tip of the deformed 
conifold is located where the new deformed conifold coordinate r = [62]. In the end, 



the deformed conifold is described by the metric [5l [TO]: 



[{g'y + ig^] sinh 



where the new function K{t) is given by: 

(sinh(2r) - 2r)i/3 



K{t) 



21/3 gjj^J-^ ^ 



(C.6) 
(C.7) 
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Comparing Eqs. flC.l|) and flC.5|) . we would expect the deformed conifold to become 



tfie conifold as the infinitesimal parameter e — )■ 0. The conifold metric, Eq. flC.4|) . does 



in fact arise from the deformed conifold metric, Eq. (IC.6p . if we take the limit 
1 /2V^^ 

-,r — )■ cxD as I - I = e^coshr remains fixed (C.8) 
e \3J 

In summary, the deformed conifold is mapped to the regular conifold through the co- 
ordinate r at infinity. This corresponds to the UV in the dual gauge theory. Here we 
shrink the S^, which had been "blown up" to size e here, back to zero size. We do all of 
this all while keeping the conifold coordinate r(e, r) fixed. 

Stacking M D5-branes and and D3-branes at the tip of the deformed conifold, 
r = 0, gives rise to an SU{N + M) x SU (N) dual gauge theory EH Sni IS5]- wrap 
two of the dimensions of the D5-branes around the 5*^, which shrinks to zero size at the 



tip as in Fig. C.l(b) , creating M fractional D3-branes at r = 0. It has been shown in the 
literature [El |46], that for objects located at r = 0, the dual, IR SU{N + M) x SU{N) 
gauge theory becomes an SU{M) gauge theory in the IR. 
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APPENDIX D 
BOSONIC FLUCTUATIONS 



This appendix is based on the calculations published previously in [TOl [TTl [T2] . 
Expanding the Dp-brane action 

to second order in the fluctuations, 6A"^, and 59 

X^" = X^^^ + SXf", A™ = A^) + M'", 9 = + 59, KWf 

results in 

6Sp = 55j[5X, 86 X, 86 A] + 63^ [60, 86Q], (Km 
where 6Sp[6X,86X,86A] is the action for the bosonic fluctuations. The matrix A4ab 
expands as 

Mab = -Mi? + SMab 

= i9^>!+J'if) + iS9ab + 6J^.,) (D.l) 
and following formula to expand the square root is useful 



M = V-det(7Uab) 



-det{Mf,j + 6M 



ab 



VA^(o)(1 + A) (D.2) 



where 



^ = ^iMl,]r6Mab + -[{Ml,]r6Mabr+ 

- ^-[iMl,]r6MUMl^^r''6M,,] + 0{6Ml,). (D.3) 
For branes probing each background, KS and CGLP, we will first show in each 
case that 6Sp is, to lowest order, quadratic in the fluctuations, up to total derivatives, 
confirming our previous result that we are fluctuating around a classical solution. Then 
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we will find the bosonic eigenvalues, cuf,, for the equations of motion of the fluctuations, 
and use them to calculate the bosonic contribution 

5E, = \Y.'^, (D.4) 

to the one loop energy: 

D.l D3-brane Bosonic Fluctuations in the KS 
Background 

Utilizing Eq. (ID.2p . the action for bosonic fluctuations of a D3-brane in the KS 



background becomes 

5Sl = -/is j d^^fJW) A + fisJ iSC2 A J^(°) + + 5C2 A (D.5) 

where A, 6C2, and 6J^ depend on the bosonic fluctuations 



Om = ^(^1 - (^2) = S6m, <Pp = ^(01 + 02) = 50p 



i/j = 'iIjo + Sip, r = To + 6t, 

F = Fta,dtAdx + da6AbdC AdC'' (D.6) 
where we will be careful to take the tq — > limit at the appropriate time to avoid 
singularities. In the above, we have maintained the following parameterization of the 
D3-brane 

x^ = t, x' = x, ep = ^{e^ + 02) = e, 0„ = l(0i -0^) = 0. (d.7) 

We will gauge fix 6Aa to be in temporal gauge, 6At = 0, when we analyze the equations 
of motion. 

With these explicit fluctuations, we have to second order in the fluctuations 
Sjr = SB2 + 27Ta'da6AbdC A dC'' 

= ^-^Sr{gf,^ A 4) + 6g' A gf,^ + gf,^ A 6g') (D.8) 



where (/^q^ are the values of g\ Eq. fl4.23p . evaluated at the classical solution, Eq. f l4.27p . 
We see that in this case, 6g'^ need only to be expanded to first order in the fluctuations. 
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Eq. flD.6|) . for to be expanded to second order in the fluctuations. We can similarly 



expand 5C2 and A to second order in the fluctuations. 

D.1.1 Explicit Action for Bosonic Fluctuations 

The action for bosonic fluctuations of a probe D3-brane in the KS background, 
after some simplification, takes the form 



5Sl = - I d\\l^)[cx J2 ^"^X'VaSX' + CA 



4=2,3 

2x^2 I waiTrW iTr DiTr2l 



167r 

+ Cr [V^rVa^r + m^5r' + Va^ - m'] (D.9) 
+ Total Derivatives I . 

Here we notice that the linear fluctuations vanish, up to total derivatives, signifying 

that we are truly fluctuating around a classical solution. The covariant derivative, Va, 

is with respect to an effective metric, g^^^\ on the D3-brane 

ds^ = gf^'^dCdC = gccxi-dt'^ + dx^) + '^{dO^ + sin^ dd<p^). (D.IO) 

R 

This effective metric has the same topology, i?^'^ x S*^, and scalar curvature as the 
induced metric: 

now written in terms of the newly defined 

, , 4cos2 2^ 
/2(^o) = (D.ll) 

The field is a combination of the fields dip, and 5(j)p 

^ = 5^ + 2 cos ^50p, (D.12) 

and contains all the contributions of dip and to the quadratic action suggesting a 

redundancy in the fields. We discuss this below. The covariantly conserved U{1) gauge 

current is given by 

J- = (-Q^V,^, Qv^Vt^, -Q,csc0V^5r, Q^csc^Ve^r), (D.13) 
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The various constants in the previous few equations are 

1 , ,0 1287r3a'3 



9x 



= 32V/i071" OL Cx = —r — Tl—Cr = 2g^ VJ3Wo) 



/i(V^o) = ^ + ^^^/2(^o), M^o) = l + b'tan'^. (D.14) 
The Euler- Lagrange equations for the bosonic fields derived from the action, Eq. fID.Qp . 
take the form: 

V^6X' = 0, i = 2,3 (D.15) 
V^6t - ml6T + —Qr CSC OSFe^ = (D.16) 

V^^ + m + ^Q^6Ft^ = (D.17) 

2Cr 

V"(5F,, - 47rjfe = 0. (D.18) 
Observe that we found no field equation for 66m and that a field redefinition absorbs 
6(j)p in This is consistent with the way we arrived at the D3 brane through the D5 
brane of the KS background via a deformed conifold where the base is an X and the 
diffeomorphism gauge is fixed. The r — )■ limit shrinks the S'^ and yields M fractional 
D3 branes. From this point of view, 6^, and 0p were already fixed and the absence of 
any fluctuations of these fields is equivalent to there being no residual gauge freedom 
in fixing the coordinates. One might wonder whether the absence of field equations for 
9m and (j)p could be related to a degenerate coordinate choice. Indeed by following [58] , 
and recalculating the Lagrangian after applying the following coordinate transformation 

W = 9m cos (pp 

Z = 9msm(l)p (D.19) 
we again find no field equations for 6W or SZ, up to total derivatives. 
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D.1.2 Bosonic Eigenvalues 

We now set out to solve the bosonic Eqs. ( ID. 151) - ( 1D.18I) . Notice that the composite 
field looks like a tachyon with an electric source SF^^. With the definition of the 
Riemann curvature tensor 

R\M'=Nc,Vd]SA^, (D.20) 
we can cast the U{1) gauge field Eqs. (ID. 181) into the following form: 

= V^V.Mb - VfcV.M" - R,b6A\ (D.21) 

where we have used 

Rcb = R^cab (D.22) 
We can further simplify these three equations by noticing that the Ricci tensor has only 
two non-vanishing components: 

R00 = 1, Rfjj^ = sin^(6'), all others zero. (D.23) 
Working in the temporal gauge, 6A^ = 0, the Gauss's law constraint is identified 
in Eq. ^DlTh as 

VtVaSA'' = -47rf7,,Q*V,^. (D.24) 
We try the following ansatz for 6Aa, and 6t: 

/oo m=l 

dp duJ2 E ^/'"^(P'^) e*^"'""*^ Yl'"'\e,<p), J = x,e,<P (D.25) 
1=0 m=-l 

/oo m=l 

dpdu^Y^ e*(P^-^*) (D.26) 
1=0 m=-l 

/oo m=l 
J n , 7 



m=-l 
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where the Yj 



{Im). 



are 



y (^m) ^ y 



(Im) 



(Im) 



and K^'™) and Y'""' are vector spherical harmonics which satisfy the eigenvalue equation 



•■(Im) 



CSC 6 
— sin 6 



d^Y{im) ( 



deY, 



(lm)\ 



(D.28) 



lM'-) = [_/(/ + 1) + 1]v^'-^j = ^, 



(Zm) 



where 



^(9esine(9e + -^dl- 
sm sm fc' ^ 



(D.29) 



(D.30) 



Using an ansatz with Aq = A^, the Gauss law constraint Eq. f lD.24p becomes 
simply 

V.V^M, = -Ajigl.Q^V^m. (D.31) 
This can be used to simplify the b = x component of Eq. flD.2ip to the non-dynamical 
form 

PA^ = (D.32) 
which means / = for the coupled fields 6Arc and \E'. The equation of motion for \E', 
Eq. (Em, then becomes the eigenvalue equation 

where 



ml = 4:TTgl^Ql^ - R 



is always positive: 



2cr '~ b^Ma'gs 

2.78 2 

< < oo. 



9/2(^0 



(D.33) 
(D.34) 



QsMa' 



Next, the solution Eqs. (ID.25P and flD.27p for the coupled fields 5Aq, 5A^, and (5r, 
reduce the b = 6,(j) components of Eq. (ID. 211) and Eq. ( ID. 161) to the eigenvalue problem 



ri 



r 2 2 



2 



- Qxx^lil + 1) - gxxml]T + g^^Qr-^VKl + l)Ag = 0. 



(D.35) 
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Finally, the two massless equations flD.15|) can be solved with 

6X^ = jdpdu X^(^i^){p,u)e'^P^-'''%^j{e,<P) J = 2,3 
yielding two identical eigenvalue problems 

[u^ - - g,,^lil + l)]X:> = 0, J = 2,3. 



(D.36) 



(D.37) 



We now organize Eqs. flD.33p . f lD.35p . and flD.37p into a succinct system of six 



scalar bosons 

X3 



where 







aj| 



aj2 









-gxxQr^VWTT) 

w| 







X3 



Vx + 9xxm^ and = p^ + g^^^^—KJ. + I). 



The six eigenvalues of Eq. (1D.38P are 



UJ 



pI + gxxml 



< ^2 



pI + gxx^l{l + 1) 3-fold degenerate 



p^ + /i|(Z,7/;o) 



where 



2 

/i(V^o) 



V-o) = gxx^iKi + i)(i + /±(^ ^o) > 



i± Wi 



/2(V^0) 



(D.38) 



(D.39) 



(D.40) 



(D.41) 



/(/ + 1) V ^ ' /i (^o) 

The effective mass > for all / > 0, where as /i^(/,'?/'o) > for all / > 0, as 

/i2_(0,V'o) =0. 
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D.1.3 Bosonic One Loop Energy of a D3-brane in the 
KS-background 

Using fixed quark boundary conditions, as in Eq. (15. 5p . 

nvr 

we calculate the bosonic contribution to the one loop energy, Eq. flD.4|) . to be 



(D.42) 



n=l 1=0 m=—l 



-?27r\2 R 



+ 



/mi\ 



\L J 



/rni 

It 



+ /i+(/,V'o) 



(D.43) 



Performing the trivial sum over m and splitting the / sum into / = and / > modes 



leaves us with d + p — 3 = 4 massless eigenmodeqj and an infinite tower of massive 
eigenmodes: 
5E, 



n=l \ 



/rnrV- 



\ L J 



+ 9xxmi + 



+ 5E(2' + 1)E 3 JmVfcf /(/ + !) + 

1=1 n=l I 



+ 



V L 



+ /i^(/,V'o) 



(D.44) 



+ /i2(/,^0) + 

We pause here to reflect on how the massless eigenmodes came about. There are 
d — 2 = 2 massless modes from the Minkowski fields 5X^ that were not statically fixed to 
the D-brane parameters. There were in addition p — 1 = 2 massless modes from the U{1) 
gauge fields, 5Aa, after gauge fixing. This leaves us with the d — 2 + p— 1 = d+p — 3 = 4 
massless modes we see here. 

Continuing with our calculation of 5Ei,, we perform the n sum, in the large L 
limit, by regulating the massless modes using Eq. (1A.3I) and the massive modes using 



^ Three massless modes clearly come from the second term in Eq. (jD.43|) : two from the Minkowski 
fields, 5X^ , and one from the U{1) gauge fields, SAa- The other massless mode from the gauge fields 
comes from the third term as we see from Eq. (jD.40l) that /i^(0,V'o) = 
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Eq. flA.30p . leaving us with 

{d + p-3)TT y/g^mq, 



2AL 



^\lgxx^l{l + 1) + fi^{l,tpo) + /i+(/,Vo) 



(D.45) 



Notice, that in the large L limit, only the massless modes contribute to the 1/L Liischer 
term, the remnants of the massive mode sums all now shown to be constant with respect 
to L. These remaining sums can be regulated using Eqs. (IA.40p and flA.43p . resulting 



m: 



(d + p-3)7i 
24L 



+ (3!{k,M) 



/3^{k, M) = --yfgTxim^ + 



(D.46) 
(D.47) 



where the regularizations of the functions /((s) and 5'±(s), calculated in App. IA.2.2t are: 



/^(s) ^ -0.265096 

oo [-f ] q 



1 



«)=0 9= 



^±1 sJ^^^^V^y r(|-«;) (2g)!r(t. + l-2g) 



+ 



with 



w 



w=L q 



l^n=0 \ n J 



{U (2g+l)!r(u;-2g) 



ft 



fQ{w + n-q-l) + 



1^1=1 



{If} (2/+1) 



< A < 1 
^ ^ A/ ^ 



^ n^} (2Z+l)(l+|^(/+l) 



k = 0,M, 



and 



2y2(v/i + /+(i)-E:^=o /+(!)> 



< 0, 



where {//} is the largest integer less than // = j ^ —1 + y 1 + ^ ), as graphed versus 



(D.48) 



(D.49) 



0, (D.50) 
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k/M in Fig. EH 

The constant I3\ is constant with respect to L, but depends on k and M through 
5 /i, /+, QxxR/'^i and gxx^'i and the transcendental Eq. (14.42 p . As seen in Figs. (lD.4p . 



(ID.Sp . and ( ID.Sp . these are all symmetric under k ^ k — M and thus so is the constant 
P^, a symmetry which we indeed expect to be manifest in the fc-string energy flU\ . 




If < 1 and Eq. ( ]D.49p simplifies in this the latter two sums vanish. Also, // 

clearly respects the k ^ M — k symmetry. 
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Figure D.2: |/_| < for all / > 1, and shrink to zero as / increases. The k ^ k — M 
symmetry is respected by /_. 




Figure D.3: /+ > 1 only for 0.285 < k/M < 0.715, where as a result, /i+ 7^ as seen in 
Eq. ( ID. 501) . Also, /+ respects the k k — M symmetry. 
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Figure D.4: The functions /i, /2, and the ratio 7I all respect the k ^ k — M symmetry. 

/i 



1 

Units af —= 

VaJTa/ a' a 



2.78- 




1.24 - 
1.07- 



kM 

0.5 1 



Figure D.5: These are all finite and respect the k ^ k — M symmetry. 
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D.2 D4-brane Bosonic Fluctuations in the 
CGLP Background 

The fluctuations 

x\C) = o + Sx\0, ^(c) = ^o + 5V^(C), 

r(C) = ro + MC), f^\0 = f^l + 6fi\0, 

F= ^—dtAdx + dJAbdCAdC^ (D.51) 

lead to the action for bosonic fluctuations of a D4-brane in the CGLP background 
6 Si = -/i4 j c/^Ce"*" Va^(A - 5$) + fi^n j (^C^ A J^(°) + cf^ A 5J^+ 

+ 5C3 A 5J^(°)^ (D.52) 

where A is defined through Eq. f lD.Sp . The /ig refer to the classical value for the field, 
specified in Eq. (14.781) . and the three /i* are still constrained by (/i*)^ = 1. In the action, 
Eq. (ID. 521) . the classical fields with subscript or superscript (0) are as in section and 



for the fluctuations we have 



SgabdCdC 



ffg/^- sm{2iJo)dnl6ij + dip'^Hl''^'- cos(2V^o)c^fi3+ 



Hl'^l^ [ A'^A'pdQ.'^dVLl + sin^ V^o(l 



/3 



H2 



)d^l + 



2H, 



3/2 



'-dr + dx^ 



and 



1,2, 



6B2 = — sin ipQ sin x St dx A d9+ 
81 



dCdC'+ 



(D.53) 



TTl ( 

H — -5r j bii}^ sin^ ^/'q sin^ x sin dO A dcj) + 5 11^ siv? tfj^ sin x sin 9 d(p Adx 
81 \ 



+ 



+ sin'?/^o sinx sinO ^^dC,"" A d(j) + Si}) sm.{2'il)Q)sm.x dx A d9 y (D.54) 
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and 



5C3 = sin^ ijjo ^^3+ 



+ 



m 



16gs 



9sm ipQ COS ipootp — 



sin X sin 6 



(D.55) 



As the dilaton depends on r through Eq. fl4.52p . the fluctuation of the dilaton, to 

second order in the tau fluctuation, is 

(5$ = -^5t^ (D.56) 
-no 

Using Eq. (1D.53P through Eq. (]D.56p . we calculate the bosonic action, Eq. ( ]D.52|) . 
to second order in the fluctuations: 



SSl = - j ^J- det((7(«//))d5c{c.V,5x2V"5a;2 + 



+ 



+ Cr [V,5rV"5r + (x, e)5r^] + ca 
+totalder.vat.ves' 



167r 



+ 



(D.57) 

Here we notice that the linear fluctuations vanish, up to total derivatives, signifying that 
we are truly fluctuating around a classical solution. The covariant derivatives are with 
respect to g^^-^-^\ an effective metric on the D4-brane 



(D.58) 



where R is the same scalar curvature, Eq. 14. 82^ as the induced metric. The U{1) gauge 
current j", and m^(x, ^) are 



R 



Ve(sin OSr) 
sinx sin 6 



g V;^(sinx St) 



sin^X 



,0 



m^{x,0) =m^o + TtCsc xcsc 6, 
o 

and the various constants are 

_ HiR^/'^l^Hmin _ 2/^* 



(D.59) 
(D.60) 



I' 



Qr 



min 



m „ 9M,. ^9/4^9/2^11/2 



4/n/Vn22a'' 



:(43 -48/o) + — 



8y6A%2/i5/2x25a' 
35 



(D.61) 
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Applying the variational principle to the action, Eq. (ID .571) . results in the field 
equations: 

V^fe^ = 



V^5ip + ^6ij + 



2 c,/, 



tx 



2Cr 







CSC X^Fq^ = 



VaSF'^' - Arrf = 0, 
where Va is the covariant derivative compatible with Eq. ( ID.SSp . 
The solution to Eq. ( 1D.62P is 



(D.62) 
(D.63) 

(D.64) 
(D.65) 



(D.66) 



n>Z>|m| 



where the y"''™(x,^,0) are the spherical harmonics on an 

1 



y"'™(x,^,0) = c„,^=^P^+y;2(cosx)F('")(0,0), 



Cnl 



(n + l)(n + / + l)! 
{n-l)\ 



(D.67) 



and Pl^{x) are the associated Legendre polynomials. The spherical harmonics 
y"'™(x, 6', 0) satisfy the eigenvalue problem 

V^Y'^'^ix. 0) = -n[n + 2)F^""(x, 0), (D.68) 
where is the Laplacian for an S"^ whose action on scalar functions such as y"'"^(x, 6', 0) 
is explicitly given by 



1 



sin^X 



1 



1 



(D.69) 



sin6' ' sin^^^ 

With that said, solving Eq. (]D.62p with the solution Eq. ( ID.66|) results in the 



eigenvalue problem 



9x 



R 

6 



■n(n + 2) 



x = 



(D.70) 



The rest of the equations prove quite difficult and require perturbation theory 
to solve; their solution is not given here. To simplify the problem, we recall the im- 
portant physical features that were found for a D3-brane in the KS background in 
section [D.1.31 [lOj. There we found the massless modes, from which the Liischer term 
was derived, to be independent of the angular degrees of freedom. Inspired by these 
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results, we propose that in the current case of a D4-brane in the CGLP background, we 
can integrate out the spherical degrees of freedom, x, 6', and 0, and still have the same 
number of massless modes as before and as a result, the same Liischer term as would be 
calculated from the full five dimensional theory. 

To proceed with this integration, we consider the fluctuations to be independent 
of the variables, 

= x), 6Aa = 6Aa{t, x) (D.71) 

and we integrate out the from the action Eq. (lD.57p . This results in an effective 
action 



SSl^ff = —Vs J dt dxy^xdmSx^d'^dx'^ + 
+ Cr [dm5Td"'5T + ml^T^] + ca 



+ 



CA 



+ -^{drnSA^d^'SA^ + 2dm6Aed'^6Ae + hd^5A^d"'5A^)+ 
ibvr 

+ total derivatives I , (D.72) 
where the indices m and n now sum only over the coordinates t and x, and are raised 
and lowered by the two dimensional Minkowski metric 

VmndCdC = -dt^ + dx^, 



and the effective 5t mass, mT-g, the constant V3, and the integral, Ii are 



m 



re 9xx 



5) 



CSC 9 d9. 



The equations of motion of the action, Eq. (lD.72p . are 

{-dl + dl)5x' = 



2c, 



-92 + 9^)M, = 0, 



(D.73) 

(D.74) 

(D.75) 
(D.76) 

(D.77) 
(D.78) 
(D.79) 
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To solve these equations, we move to Fourier space 
(w^ = 



-"0 



{co^ - p'^)5Ai = 0, i = 



p^5At+pu5A^ = -iAirgl^Q^pSii 



uj'^5Ax + puj5At 



(D.80) 
(D.81) 

(D.82) 
(D.83) 
(D.84) 
(D.85) 



and work in temporal gauge, 6At = 0, where the ip field becomes massive instead of 
tachyonic: 

{tu'^ - p"^ - ml)Sip = (DM) 



with 



ca 



2 „3 



R 



3/^ 



8/o cos^ ipo + sin TpQ 



131 < -j^ml < 141. 



(D.87) 



(D.88) 



The rest of the bosonic equations solve easily and we have the six bosonic eigen- 
modes: 



4 fold degenerate 



^ p^ + 



p^ + mi 



(D.89) 



The calculation for the one loop correction to the bosonic /c-string energy, SE^,, fol- 
lows similarly to the KS calculation in App. (ID.l.Sp : the result for large quark separation 
L being 

5E, = -il±^^ - + m^) (D.90) 

where p = 4, c? = 3, and the Liischer term is ^'^"^^^"^-'^ ~ which is the same as the 
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expected value, as increases, for lattice calculations done in [T5] . 
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APPENDIX E 
FERMIONIC FLUCTUATIONS 



In this appendix we first lay out the exphcit fermionic portion of the Dp-brane 
action. We then show the explicit calculations for the fermionic eigenmodes for the D- 
branes embedded in the KS and CGLP backgrounds. First, a quick note on the index 
convention. Throughout this thesis, and unless otherwise noted, Latin indices a,b,c, . . . 
are Dp-brane indices running from to p, Greek indices, a, /3, /i, z/, . . . are 10 dimensional 
curved indices, and overlined Greek indices, JI,V,a, . . . are 10 dimensional flat indices. 
The calculations in this appendix are based on those previously published in [T0l[m[T2] . 

E.l Fermionic Action Definitions 

The fermionic portion of the D]9-brane action [671 EH EH [39] 



is the action for a 32 component, Grassmann valued spinor field, B: 



of _ 



£/ = e (1 - r^J [M-^' (r,Df + r,Wa) - M'^ - a(2) 



cl = e 



where for both type IIA and JIB we have 



e, type IIA 
e, type IIB 



(IHIHD 

(E.l) 

dSZZD 



M 



ab 



9ab + J^ab, M = - detM 



4 



4-2! 



(E.2) 
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for type II A we have 
1 , 



A(2) 



1 1 ~ \ 

_ p FM!^ J p Yfj.ua/3 p 

3 1 ~ \ 
_P rt^^ p ^FMi^a/? 

<= ai---ap+i /pll\p/2+l I ^) \^ ) •nbi...b2nTr T 
) TX^a ^ '^6162 • • • •^f)2,-lte. 



(J9+ 1)!VA^ 
and for type I IB we have 



g>0 



1 ^ 



1 



p ^ — P r^'^" -I- ^ p r. vi^^'^^p 

3! '^'^'^ O Kl i^vafip^ 



2-5!' 



We are using the conventions 



Fa 



2^ [-f /jj- 2-3! '^'''^ 



(p + l)!V-detMo ^ g!29 



7^ ... 7^ 



F5 = = F5 + 52 A F3. 

The spin connection, ^2^'', is the pull back 

_ (9X^ _ 

where the 10-D spin connection is built out of the frame fields [70] 
where the Christoffel symbol and holonomy elements are 



111/ ) 



(E.3) 



(E.4) 



(E.5) 
(E.6) 



(E.7) 

(E.8) 
(E.9) 



with flat indices raised (lowered) by rj^^" (jfjjjj) and the curved indices raised (lowered) by 

e^^ = e/r^^ = e^,G^^ e-,, = e^^r^ = e/G^. (E.IO) 
The frame fields thus frame the 10-D metric from 10-D Minkowski space: 



G 



(E.ll) 
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which is consistent with the definition of the inverse frame fields: 



The 10-D curved matrices are framed from the 10-D fiat matrices 



which satisfy a Chfford algebra: 



{r^,r^} = 27]^"". 



(E.12) 
(E.13) 
(E.14) 



The T"" matrices are the pull backs of the curved matrices onto the Dp-brane: 



with gab the induced metric. 

In type IIA, is constrained by [63 [671 [Ml [39] : 

r^^O = 0, type IIA constraint 



(E.15) 



(E.16) 



with = r0123456789^ ^^erc 



n! 

= — (r'^iF^^ pPn _|_ g^ii positive permutations — all negative permutations) 
n! ^ ^ 



r^i r^2 . . . r^" , all /Z^ different 



< 



(E.17) 



0, any two /ij the same 
Our representations for will be tensor products, such as 

of the Pauli spin matrices, augmented with the identity: 



a 



1 



a 



1 



^1 Oj 



a 



-i 

1 



a 



1 
-1 



(E.18) 



(E.19) 
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E.2 D3-brane Fermionic Fluctuations in KS 
Background 

For the KS background at r = 0, we have 

W = ^ F F'^'^^T 
8 3! '^'^'^ 

aW — n a(2) — —F r^'^"' 

'-^ ^1 '-^ 4 3! 1^'^'^ 



= ;„r/tr' ^"^"-^- (^-20) 

2!4!vA^ 
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87 

) — 


sin ^/^o 




_ n 68 _ 
— lig - 










2 ' 








54 




76 


cos6', 




_ n 78 _ 


















59 




68 

b — 


- sin 9 

9 


sin '?/'o- 





with the non-zero components of the spin connection given by 

= sm — 
2 

■ n -2^0 

sint7 sm — 
2 

(E.21) 

Fluctuating around the classical solution = + 6Q of the probe D3-brane, the action 

for fermionic fluctuations, Eq. ( lE.ip . becomes: 

5^3^ = ^ f d^Q^5Q[{M-^Y^Tadi, + M1 + M2 + M^]5Q (E.22) 
■^9s J 

Ml = (E.23) 

M2 = -^f^3(A^-i)"'T,F^,„r^^"r, (E.24) 

M, = -^f^3F^.,r^- (E.25) 
which easily gives the Euler-Lagrange equations of a massive fermionic field: 

[{M-'y'Tadb + Ml + M2 + M3](50 = 0. (E.26) 
For the probe D3-brane in the KS background, we use the following representation 
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-io-^ (g) O-^ (g) O-^ (g) cr^ (g) (T^, 



cr^ (g (g Cr^ (g (T^ (g 0"° 



for the 10-D flat matrices: 

= (g (g a° (g (7° (g (T°, = (T^ (g (7° ® (T° ® a° ® a° 

= o-^ (g o-^ (g o-^ (g 0-° (g (T°, = (g o-^ (g 0-° (g o-° (g 0-° 

= -cr^ (g O-^ (g O-^ (g cr^ (g cr\ = (J^ (g (J^ (g cr^ (g cr^ (g 



r« = o-^ (g a' (g o-^ (g 0-° (g (T° 



o-^ (g (g o-^ (g 0-^ (g cr° 



(E.27) 



as: 



For our solution of the KS background, we find the object Tj^^ can be expressed 

(E.28) 



D3 



and we calculate the pulled back matrices to be: 

/ 



■pa 



|(cos f^F^ - sin ^F^ 



v 



f csc^(sini|iF^ + cos^F6) 



(E.29) 



We proceed to solve Eq. f lE.26p with a harmonic ansatz for (58|71j: 

56 = JdpdujJ2 e^^^"""*^0/m(p, io) o 0) (E.30) 

l,m 

where ^im{6,4') is a 32 component complex spinor, whose components are arbitrary 
functions of 6 and 0, and <dim{p,uj) is a 32 component spinor of Grassman valued ex- 
pansion coefficients. The component product o is a commutative operator, defined for 
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N component vectors or spinors as: 

/ \ / \ / 



AoB 



A' 



N 



N 



A^B^ 



A^B^ 



N tdN 



\ 



A''B 



(E.31) 



With the solution Eq. (]E.30P for 60, the Dirac Eq. (]E.26|) can be reorganized and 
expressed as two distinct eigenvalue problems 

a;eio$i =HS-^^eio<|.i (E.32) 

cjOso^a =H2'^^02O$2 (E.33) 
where ©i o $i and O2 o $2 are each eight components of the original 32 component 



spinor, Eq. (lE.30p . The matrices 'H['^^ are 



(/) 



-C4-01 



ic_ 





-C2 + 







"2 + 









-p 
=1- 










-C2 + 




C3-0 



(1) 
+ 



and 



if) 



-=3+0: 



(1) 



-C4_C)^ 



"2 + 


p 

















— ( 

p 



=2 + 



-3+of 



C4+0 





— ic_|_ 
-C2 + 



(2) 



(E.34) 










-ci- 



C4+0 



(1) 



(E.35) 
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where the constants c± and Ci± . . . C4± are 

ci± = .^(3T^ - d'/'T - 63), = z^(3T^ + d^'T - 63) 

b b 

C3± = C±(l -2-), C4± = C±(l + «-) 

T = 6 tan — , d = 1 + b'^ tan^ — 
2 ' 2 



263M' 

(0 



63 = ^ 3^3/2 _ 3^2 ^j._3g) 



and the operators O)^ are 



= 9^ iicsc^S^ (E.37) 
(9(2) = cot + Ci^^ (E.38) 
From inspection of the matrices, Eqs. (]E.34p and (]E.35p . and their actions on the 
spinors in Eqs. flE.32p . we identify the components, 0)? ^ = 1 • • • 8, i = 1, 2, 

of the spinors ^iim{0,(f)) with three distinct functions yj^(6',0), Yim{0,(f)), and Yf^{6,(j)) 

<^1 = <^\ = <^1 = <^1 = Yf^{e, 0), $5 = = $1 = $3 = r+ 0) (E.39) 

which must satisfy four coupled differential equations 

Of3V,„(^,0) = AiF,„(^^,0) (E.40) 

OfF,-(^,0) = A2F,„(^,0) (E.41) 

Oi!V,„(0,0) = A3F+(^^,0) (E.42) 

Oi'V+(^^,0) = A4F^„(e,0) (E.43) 

Eliminating Yi^{6, 0) from Eqs. ( ]E.40P and ( ]E.4ip results in the spherical harmonic 
eigenvalue problem: 

PYi,^ = A1A2F/™ (E.44) 

So we see that the Yim{6, (f)) are indeed the spherical harmonics, as their name suggests. 
Furthermore, Eq. (IE. 441) now demands that 

A1A2 = -/(/ + 1) (E.45) 
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Eliminating Yi^{6,(j)) from Eqs. flE.42p and flE.43P results in a similar identity 

A3A4 = -/(/ + 1) (E.46) 
Consistent with these two constraints, we make the following choices for the Xf. 

Ai = A3 = 1, A2 = A4 = -/(/ + 1) (E.47) 
and so we find Y,t.(9,4>) and Y,Z(0,4>) to be dependent on the spherical harmonics, 



yim.{0, 0), in the following way: 



Y, 



Im \ 1 



O^^Y 



Im \ 



Y, 



Irri V ' 



(E.48) 



This newfound knowledge allows us to remove all 9 and (j) dependence from the 
eigenvalue Eqs. ( 1E.32p . leaving us with 



(E.49) 
(E.50) 



where the matrices "H) now take the form 



if) 



-p 


C3+lil + l) 


C2+ 








ic+ 








-C4- 


P 





Cl- 














-Cl_ 





p 


-C3-l{l + l) 











ic— 





-C2+ 


C4+ 


-P 


























-p 


-C3+ 


-C2+ 





ic_ 











C4-/(« + l) 


p 





-ci- 














Cl- 





P 


C3- 
















C2+ 


-C4+l{l + 1) 


-P 



(E.51) 
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and 



njU) _ 

/I2 — 



-P -C3+ C2+ 

Ci-l{l + 1) p 

p 



Cl_ —IC- 



\ 



-Cl- 









-C2+ -C4+K' + 1) 

— ic+ 





C3- 

-p 









-ic+ 



—p C3+l{l + 1) -C2+ 
-C4- p 

— jc_ ci_ p 








-Cl_ 

-c3-/(; + i) 



















C2+ 



C4+ 



These two matrices have the same eight, massive eigenvalues 



±-\/ cio(p, + y/c&ip, I) ± y/c^{p, I) 



where 



C5 — ~ 3CiiCi3 + 12Ci4 

C6 = 2c?2 - 9Ci2(ciiCi3 + 8C14) + 27(Ci3 + C11C14) 



C8 = ct,+ ^(-4c,2 + ^ + 2^34/3 



C9± = g I 3Cii - 8Ci2 



2^/^C5 2/3 1/3 , 3(4ciiCi2-cfi-8ci3) ^ 



with 



Clo = 2(p^ - (C3+C4- + C3_C4+)/(/ + 1) - c_c+ - 2ci_C2+) 

Cll = 4ci_C2+ + 2c_C+ + (2C3+C4_ + 2C3_C4+)Z(Z + 1) - 4p^ 



(E.52) 



(E.53) 



(E.54) 
(E.55) 



Ill 



Ci2 = 6ci_C2+ + cl^ct + 4ci_C2+c_c+ + Ci_c^ + cic^+ 

+ (2C2+C3_C4_ + 4ci_C2+C3+C4_ + 4ci_C2+C3_C4+ + 2Ci_C3+C4+ + 2c3+C4_C_C++ 
+ 2C3_C4+C_C+)Z(Z + 1) + {cl+cl_ + 4C3_C3+C4-C4+ + c2_C^+)/2(/ + 1)2 + 

(-12ci_C2+ - 6c_c+ + (-6C3+C4- - 6c3_C4+)/(/ + l)y + (E.56) 

Cl3 = 4Ci_C2+ + 2ci_C2+C?_ + 2Ci_C2+C_C+ + 2Ci_C2+C+ + 
+ 2ci_C2+C^C^ + (4ci_C2+C3_C4_ + 2Ci_C2+C3+C4_ + 

+ 2Ci_C2+C3_C4+ + 4Ci_C2+C3+C4+ + 2Ci_C2+C3+C4+C?. + 2Ci_C2+C3+C4_C_C+ + 
+ 2ci+C2+C3_C4+C_C+ + 2ci_C2+C3_C4_C^)Z^(l + 1)^+ 

+ (2c^+C3 -C3+C4_ + 2C2_|_C3_C4_C4_|_ + 4ci_C2+C3_C3_|_C4_C4_|_ + 2C2_C3_|_C4_C4_|_ + 
+ 2Ci_C3_C3+C4+ + C3+C4_C_C+ + C3_C4+C_C+)Z^(l + Z)^ + {2c3^cl^cl_Ci+ + 

+ 2c2^C3+C4_c2^)/^(l + If + (-12c?_c2^ - 2c2^c^ - 8ci_C2+c_c+ - 2c^_4+ 

- 2c^C^ + (-4C2+C3_C4_ - 8Ci_C2+C3+C4_ - 8Ci_C2+C3_C4++ 

- Ac\_C2,+Ca+ - 4C3+C4_C_C+ - 4C3_C4+C_C+)/^ (1 + + (-2C3_^C4_ + 

- 8C3-C3+C4-C4+ - 2c^_c^+)Z^(l + + (12ci_C2++ 

+ 6c_c+ + (6c3+C4_ + 6c3_C4+)/='(l + lf)p^ - ^v"" (E.57) 
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44|242|422|2222|/'o24 , 
Cl4 = Ci_C2+ + Ci_C2+C_ + Ci_C2+C+ + Ci_C2+C_C+ + (2Ci_C2+C3+C4+ + 

+ 2cf_C2+C3+C4+ + 2Ci_C2_,_C3+C4_|_C^ + 2c^_C2_,_C3_C4_C^)/^(l + + {c2_^_cl_cl_ + 

, A 2 2 i422i2222i2222 \;4/i , ;\4 , 

+ 4Ci_C2+C3_C3+C4_C4+ + Ci_C3+C4+ + C-^_C^+Ci_^C_ + C2+C3_C4_C+)/ (1 + <) + 

+ (2c^+c^_C3+c^C4+ + 2c?_C3_c2+C4_c^+)Z*^(l + 0^ + cl_cl^cl_clj\l + 0^+ 
+ (-4cf_C2+ - 2ci_C2+ci - 2Ci_C2+C_C+ - 2c\_C2+c% - 2Ci_C2+C^_c\+ 
+ (-4ci_C^_^C3_C4_ - 2Ci_C2+C3+C4_ - 2Ci_C2+C3_C4+ - 4c?_C2+C3+C4+ + 

- 2Ci_C2+C3+C4+C?. - Ci_C2+C3+C4+C_C+ - 2Ci_C2+C3_C4+C_C++ 

- 2ci_C2+C3-C4-4)Z^(l + 0^ + 

+ (-2C2+C3_C3+C4_ - 2C2+C3_C4-C4+ - 4ci_C2+C3_C3+C4-C4+ - 2Ci_C3_^C4-C4+ + 

- 2Ci_C3_C3+C4_^ - C3+C4_C_C+ - C3_C4+C_C+)/^(l + Z)^ + (-2C3_C3_^C4_C4+ + 

- 2c^_C3+C4-C^+)/*^(l + lf)p^ + (6Ci_C2+ + C2+ci + 4ci_C2+C_C+ + c^_4 + 0^4 + 
+ (2C2_,_C3_C4_ + 4ci_C2+C3+C4_ + 4ci_C2+C3_C4+ + 2c^_C3+C4+ + 2c3+C4_C_C++ 

+ 2c3-C4+c_c+)/2(l + If + {cl^cl_ + 4C3-C3+C4-C4+ + cl_cl^)f{l + 

+ (-4ci_C2+ - 2c_c+ + (-2C3+C4- - 2c3_C4+)f (1 + lf)p^ + (E.58) 



E.3 D4-brane Fermionic Fluctuations in CGLP 
Background 

The frame-fields for the CGLP background can be written in a 10 dimensional 
representation as 

e\ = e\ = e\ = H-'l\ e% = lfH''\ 

e^3 = CSC ^e^4 = CSC x esc 9e^^ — esc esc x esc 9e\ — IbH^^^, 

e^^ = lHy^ a^Aie'^'^ii'', e^^ = /i/^/^acsc ^|£^^„e^^V, a = 4, 5, 6 (E.59) 
with parametrization of the unit S^, (/x*)^ = 1, given by 

//-'^ = sin ^ cos 0, //^ = sin sin 0, n^ — cosO (E.60) 
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In the above, the 10 independent bosonic coordinates are numbered ... 9 as 

X^ = {t,x,x\^,X,OA,OA,r) (E.61) 
We calculate the only non-vanishing components of ^J^" to be 

= Q^^ = cos^/'o, r^/^ = fi/^ = cosV'o sinx, 

= = COS X, = = COS tpo sin x sin 9, 

= = COS X sin 6, Vlf = = cos e, (E.62) 

With this we calculate the term in the action, Eq. (lE.ip . which contains the spin 
connection to be 

^ {M-'Y' TanJ^Tj^ = M, + cot X Ml + CSC x cot 9 



1 I R 

Mc = -y-COS?/^o(3r3 + 1498 + 1579 + 1687) 

M, = ^^{r^ + r^) (E.63) 

This is the only term in the action that has 6, x dependence, modulo the measure. Many 

of the formulas in the fermionic action, Eq. (lE.ip . simplify to 

= -^e*4^M-/3r'^'"''r, (E.64) 
o 4! 

A(i) = ^H^^^T'^'^'', A(2) = -_i_e*oir^^^^r"^M- (E.65) 



r^^ = 1 - '_^^r'\i - ^ri^r^j-,,), (e.66) 

all of which are, again, x,^ independent. 

As in the CGLP bosonic case, App. ID. 21 we investigate 5*^ independent solutions 
for the fluctuations about the classical solution 

e = + 5e(t,x) (E.67) 
leaving us with an action for fermionic fluctuations, Eq. (lE.ip . of the form 
SS^ffOc j dtdx j dxded^sin^x sin^5er'o^((A^~^)'""r^9„ + Mj+ 

+ cotx Ml + cscx cot6' Ms)^©, m,n = t,x, (E.68) 
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-cr^ (g) cr^ (g) o-^ (g) 0-^ (g) , 



p. 



= cr^ (g cr^ (g (T^ (g (T° (g (7° 



0-^ (g cr^ (g (g cr^ (g 



o-^ (g cr^ (g cr° (g cr° (g (T° 



= cr^ (g 0-^ (g a° (g 0-° (g cr° 



0-^ (g cr^ (g 0-^ (g cr^ (g (T°. 



(E.70) 
(E.71) 



where 

Mf = M,+ {M-y Qr„i7,,,,r'^^ + T,Wa^ - A(i) - A(2). (E.69) 
Integrating out the as in the CGLP bosonic case, it is easy to see that the terms 
proportional to Mi and M2 integrate to zero, leaving us with 

dSljj oc j dtdxSeT'o^i{M~^r''Tmdn + Mf)Se, m,n = t, x. 
We solve the Euler equation from this action by Fourier transform 

and now pick a representation for the 32 x 32 gamma matrices 

= 0-^ (g cr^ (g cr^ (g cr^ (g (T^, 

which leaves us with a diagonal F^^, and so through the constraint, Eq. ( 1E.16p . we are 
able to set the lower 16 components of 6Q to zero. At the same time, this reduces the 
32 Eqs. flE.Tip to 16 independent equations. These equations can be reorganized into 
the following form 

io6e = Hf6Q (E.73) 
where the Matrix, Hf, has the block diagonal form 



(E.72) 



Hi 



Ho 



(E.74) 



i/. 
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and Hi and H2 are 4x4 matrices 

/ \ 

P -Ci Ca 



Hi 



p Cb -Ci 

-Cj Cc -p 



Ho 



^ Cd -Cj -p J 
and i^s is an 8 X 8 matrix 



/ \ 

P Ci Ce 

p Cf Ci 

Cj Cg -P 



. Ch Cj -p 



H. 



( \ 

—p Cj — Cc — Cfe 

—p —Cd Cj — Cfe 

Ci -Ca p -c„ 

— Cfe Cj p — c„ 

— Cfe — p —Cj —Cg 

— Cfc —p —Ch —Cj 

—Cn — Cj — Cg p 



—Cn —Cf —Ci p 



(E.75) 



(E.76) 



where the c's are constants. 
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The eigenvalues oi Hj are 

CO = ±a/p^ + «1 ± ^2 



u = ±v + as ± ^4 



(E.77) 
(E.78) 

(E.79) 



where ai, 02, as, and 04 are constants combinations of the c's in Eq. (IE.75p . and as, a^, 
and 07 are functions of p: 



ajip) 






n=0,2,4 








-12 U(P)+^^^"V' 




= f34{p) + ^JmP)-^P|ip), 







/34(P) 
/35(P) 



n=0,2„8 



4 F ) 



n=0,2„12 



5^ E 

n=0,2„6 



(E.80) 



Here, the a-"'' and are constant combinations of the c's from Eq. (lE.75p . 

From the regularization procedure used in section IA.2.11 we see that the first two 
sets of fermionic eigenmodes, Eqs. (]E.77p and (]E.78p . will contribute a constant to the 
fermionic energy. The remaining eigenmodes, Eq. flE.79p . prove to be very difficult 
to regulate from their very complicated p-dependence. We assume that they will not 
contribute to the Liischer term, as they are massive, and the propagators will go as 
g-mL^ m being the mass of the eigenmode and L the large quark separation. 
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